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ABSTRACT 
In this report, we consider the system of difference-differential equations of neutral type with 
homogeneous, of the larger unit order, right-hand sides. The following fact is well known. If a system 
of retarded-type difference-differential equations with homogeneous, of the larger unit order, right-
hand sides is asymptotically Lyapunov stable at zero delays, then the zero solution of the initial system 
is also asymptotically Lyapunov stable for any continuous and bounded delays. For this case, the 
Lyapunov–Krasovskii functional is constructed to estimate the asymptotic stability domain of the zero 
solution. For a linear system of neutral type, the concept of the Lyapunov matrix is introduced and the 
Lyapunov–Krasovskii functional is constructed. This functional was then used to analyze exponential 
stability. This paper presents sufficient conditions for asymptotic Lyapunov stability and Lyapunov 
instability of the zero solution for a class of homogeneous difference-differential systems of neutral 
type. In addition, a constructive algorithm for checking the stability and instability of the zero solution 
is formulated. Another result is the development of a method for constructing a complete type 
Lyapunov–Krasovskii functional, previously used for the analysis of homogeneous difference-
differential systems of retarded type. 
Keywords:  time delay systems, neutral type, asymptotic stability, homogeneous systems. 

1  INTRODUCTION 
The account of delay in thrusters is necessary for safety of maneuvering of sea vessels in 
heavy conditions of navigation (mooring, passing narrowness, etc.) [1], [2]. The movement 
of the sea vessel along the program trajectory leads to a number of problems associated with 
the implementation of this trajectory. The first problem is the following. If the mathematical 
model of the ship dynamics is described by a system of ordinary differential equations, then 
under optimal control the closed system transforms into a system of difference-differential 
equations of neutral type. Possible approaches to the solution of this problem are either the 
introduction of an asymptotic observer [3] or compensation for the resulting time-delay [4]. 
However, such approaches lead to an increase in the dimension of the closed system and 
complication of control algorithms. Specific examples of accounting for delays in marine 
facility management systems are presented in detail in the papers [1], [2]. 
     The second problem is related to the nonlinearity of the system in deviations from the 
program motion. If the first, in a broad sense, approximation of the system [5] does not have 
a linear component, then it is impossible to apply the known stability theorems by linear 
approximation. Then we can assume that the right parts of the system of the first, in a broad 
sense, approximations are described by homogeneous phase variable functions. 
     In this article, we use the methodology of Lyapunov–Krasovskii functional to analyze the 
stability of a class of homogeneous differential-difference systems of neutral type. It is 
proved that if the corresponding homogeneous system with zero delays is asymptotically 
stable, then the trivial solution of a homogeneous retarded type system is also asymptotically 
stable for any limited delays [6], [7]. Basing on these results and results [8]–[11], we 
constructed the complete type Lyapunov–Krasovskii functional, which are suitable for 
analysis of every system within the class under consideration. This functional is based on the 
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Lyapunov function constructed for the corresponding homogeneous system without delay, 
and it is assumed that the system without delay is asymptotically stable. 
     The work plan is as follows. In Section 2, we justify the need to take into account the 
delay in the management of ships. In Section 3, we have provided the necessary definitions 
and statements for further understanding. In Section 4, we present a construction of a 
complete type functional for a scalar homogeneous equation and prove a theorem on 
asymptotic stability and instability of the zero solution. We present a general construction of 
the functional in Section 5. 

2  MARINE TRANSPORTATION AND DELAY PROBLEM 
Assume that we have given mathematical model of the ship motion with a constant speed 
under sea wave action [12] 

𝛽ሶ ൌ 𝑎ଵଵ ⋅ 𝛽  𝑎ଵଶ ⋅ 𝜔  𝑏ଵ ⋅ 𝛿  ℎଵ ⋅ 𝑑ሺ𝑡ሻ, 
𝜔ሶ ൌ 𝑎ଶଵ ⋅ 𝛽  𝑎ଶଶ ⋅ 𝜔  𝑏ଶ ⋅ 𝛿  ℎଶ ⋅ 𝑑ሺ𝑡ሻ, 
𝜙ሶ ൌ 𝜔, 
𝛿ሶ ൌ 𝑢, 𝑦 ൌ 𝜙. 

Here 𝛽 is a drift angle, 𝜔 is an angular velocity, 𝜙 is a yaw angle, and 𝛿 is a rudder deflection. 
     Let us consider a transport vessel with a displacement of about 4000 ton, moving at a 
given course at a constant speed of 15 m/s. If you enter variables 𝛽 ൌ 𝑥ଵ, 𝜔 ൌ 𝑥ଶ, 𝜙 ൌ 𝑥ଷ, 
the problem of steady motion is reduced to the stabilization of the zero solution of the system 

𝑥ሶଵሺ𝑡ሻ ൌ െ0.140 ⋅ 𝑥ଵሺ𝑡ሻ െ 0.634 ⋅ 𝑥ଶሺ𝑡ሻ െ 0.0285 ⋅ 𝛿ሺ𝑡ሻ, 
𝑥ሶଶሺ𝑡ሻ ൌ െ0.108 ⋅ 𝑥ଵሺ𝑡ሻ െ 1.08 ⋅ 𝑥ଶሺ𝑡ሻ  0.0360 ⋅ 𝛿ሺ𝑡ሻ, 
𝑥ሶଷሺ𝑡ሻ ൌ 𝑥ଶሺ𝑡ሻ, 
𝛿ሶሺ𝑡ሻ   ൌ 𝑢ሺ𝑡ሻ. 

     We assume that the coefficients of the basic control law 𝑢 ൌ 𝒌௫ሺ𝒙 െ 𝒙ሻ  𝑘𝛿, 𝒙 ൌ
ሺ0 0 𝜙ሻ, are found, and this control provides the desired quality of the plant dynamics. 
Here 

𝒌௫ ൌ ሺ𝑘ଵ 𝑘ଶ 𝑘ଷሻ, 
𝑘ଵ  ൌ 1.44, 𝑘ଶ ൌ െ5.28, 𝑘ଷ ൌ െ3.16, 𝑘 ൌ െ0.680. 

     In Fig. 1 the function graphs of 𝜙ሺ𝑡ሻ and 𝛿ሺ𝑡ሻ for a closed system in the absence of an 
external perturbation are shown. Here the movement is generated by the command signal 
𝜙 ൌ 10∘ supplied to the control system through the control 𝑢ሺ𝑡ሻ ൌ 𝒌௫ሺ𝒙ሺ𝑡ሻ െ 𝒙ሻ 
𝑘𝛿ሺ𝑡ሻ  𝜉. 
 

 

Figure 1:  Graphs of functions 𝜙ሺ𝑡ሻ and 𝛿ሺ𝑡ሻ respectively for the reference closed system. 
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     Now we introduce the delay ℎ ൌ 3𝑐 into the feedback 𝑢ሺ𝑡 െ ℎሻ. Fig. 2 shows similar 
graphs for the u control object 

𝒙ሶ ሺ𝑡ሻ ൌ 𝑨𝒙ሺ𝑡ሻ  𝒃𝛿ሺ𝑡ሻ, 
𝛿ሶሺ𝑡ሻ ൌ 𝑢ሺ𝑡 െ ℎሻ. 

 

 

Figure 2:    Graphs of functions 𝜙ሺ𝑡ሻ and 𝛿ሺ𝑡ሻ, respectively, for the closed-loop system with 
delay ℎ ൌ 3𝑐. 

     Comparison of the processes in Figs 1 and 2 show that the presence of a delay significantly 
worsens the qualitative characteristics of the vessel’s movement in this mode. 
     Note that increasing the delay to ℎ ൌ 6𝑐 causes a loss of stability, as illustrated in Fig. 3. 
 

 

Figure 3:    Graphs of functions 𝜙ሺ𝑡ሻ and 𝛿ሺ𝑡ሻ, respectively, for the closed-loop system with 
delay ℎ ൌ 6𝑐. 

     Thus, it can be concluded that the neglect of delay in the synthesis of feedback leads to a 
significant deterioration in the dynamic quality. Therefore, it is necessary to investigate the 
effect of delay in the control law on the dynamics of the system. 
     For the design of an autopilot, in [12], the linear control law 𝑢 ൌ 𝒌௫ሺ𝒙 െ 𝒙ሻ  𝑘𝛿 was 
used. However, it is worth mentioning that in some application the use of nonlinear control 
laws is required [13]. Moreover, the impact of delay in the control scheme on the dynamics 
of a system should be taken into account [1], [12], [13]. In the work [2] the nonlinear control 
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law was considered as a homogeneous function of the order of a larger unit, and the closed 
system was described by a system of difference-differential equations of the lagging type. In 
this paper we consider homogeneous systems of difference-differential equations of neutral 
type. 

3  PRELIMINARY 
Consider the system of equations 

 𝑥ሶሺ𝑡ሻ  𝐷 ⋅ 𝑥ሶ ሺ𝑡 െ 𝜏ሻ ൌ 𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ, 𝑡  𝑡. (1) 

Here 𝑥ሺ𝑡ሻ ∈ 𝑅, 𝜏  0 and ℎ  0 h 0  are constant delays, and all eigenvalues of the 
matrix 𝐷 modulo less than one. We also assume that vector functions 𝑓ሺ𝑥ሻ, 𝑔ሺ𝑦ሻ are 
positively homogeneous of order 𝜇  1 1  , i.e. 𝑓ሺ𝑐𝑥ሻ ൌ 𝑐ఓ𝑓ሺ𝑥ሻ, 𝑔ሺ𝑐𝑦ሻ ൌ 𝑐ఓ𝑔ሺ𝑦ሻ for all 

𝑥, 𝑦 ∈ 𝑅, 𝑐 ∈ 𝑅ା, and these functions are twice continuously differentiable. Since the 
system eqn (1) is stationary, we take t0 = 0 and denote by 𝑥ሺ𝑡, 𝜙ሻ the solution of the system 
eqn (1) corresponding to the initial function 𝜙ሺ𝑡ሻ. 
     Next, we consider the initial function 𝜙ሺ𝑡ሻ to be continuous, piecewise continuously 
differentiable and satisfying the conditions ‖𝜙‖ℎ  𝐻 and ฮ𝜙ሶ ฮ

ఛ
 𝐻. If 𝜈 ∈ ሺെ𝜏, 0ሿ is the 

point of the discontinuity derivative, then we assume the equality of 𝜙ሶ ሺ𝜈ሻ ൌ 𝜙ሶ ሺ𝜈  0ሻ. 
     Definition 1. The solution of the system eqn (1) is a vector function 𝑥ሺ𝑡, 𝜙ሻ defined for 
𝑡  0, continuous and piecewise continuously differentiable. In the future, we will use the 
symbol 𝑥ሺ𝑡ሻ or 𝑥௧ to solve 𝑥ሺ𝑡, 𝜙ሻ. 
     Remark 2. It is obvious that the solution 𝑥ሺ𝑡, 𝜙ሻ is a continuous and piecewise 
continuously differentiable function, and at the break points 𝑡 ∈ ሼ𝜈  𝑚 ⋅ 𝜏, 𝑚 ൌ 1,2, … ሽ 
of the derived solution the equality 𝑥ሶሺ𝑡, 𝜙ሻ ൌ 𝑥ሶሺ𝑡  0, 𝜙ሻ is true. 
     Lemma 3. Let function 𝜓ሺ𝑡, 𝜏ሻ be continuous in 𝑡, continuously differentiable in 𝑡 and 
piecewise continuous in 𝜏. 

     Then the function 𝐼ሺ𝑡ሻ ൌ  𝜓ሺ𝑡, 𝜈ሻ𝑑𝜈
௧

௧ିℎ
 is continuous and piecewise continuously 

differentiable, and the equations  

𝐼ሶሺ𝑡  0ሻ ൌ 𝜓ሺ𝑡, 𝑡  0ሻ െ 𝜓ሺ𝑡, 𝑡 െ ℎ 0ሻ  
డటሺ௧,ఔሻ

డ௧
𝑑𝜈

௧
௧ିℎ

, 

𝐼ሶሺ𝑡 െ 0ሻ ൌ 𝜓ሺ𝑡, 𝑡 െ 0ሻ െ 𝜓ሺ𝑡, 𝑡 െ ℎെ 0ሻ  න
𝜕𝜓ሺ𝑡, 𝜈ሻ

𝜕𝑡
𝑑𝜈

௧

௧ିℎ
 

are valid. 
     Corollary 4. If 𝑥ሺ𝑡ሻ is the solution of eqn (1), then the following equations are valid for 
𝑡  𝑚𝑎𝑥ሼ 𝜏, ℎሽ: 

 𝑥ሺ𝑡 െ ℎሻ ൌ 𝑥ሺ𝑡ሻ െ  𝑥ሶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
, (2) 

 𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ ൌ 𝑔ሺ𝑥ሺ𝑡ሻሻ െ  ቀ
డሺ௫ሺఔሻሻ

డ௫ሺఔሻ
ቁ

்
⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

, (3) 

𝑑
𝑑𝑡

ቆන ሺ𝛼  𝛽 ⋅ ሺ𝜈 െ 𝑡ሻሻ ⋅ ‖𝑥ሶ ሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିఛ
ቇ 

 ൌ 𝛼 ⋅ ‖𝑥ሶ ሺ𝑡ሻ‖ଶ െ ሺ𝛼 െ 𝛽 ⋅ 𝜏ሻ ⋅ ‖𝑥ሶ ሺ𝑡 െ 𝜏ሻ‖ଶ െ 𝛽 ⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିఛ
. (4) 
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The equalities eqns (2)–(4) are also true at points 𝑡 ∈ ሼ𝜏  𝑚 ⋅ ℎ, 𝑚 ൌ 1,2, … ሽ of the break 
of function 𝑥ሶሺ𝑡ሻ. 
     Along with the eqn (1) system, we consider a system of ordinary differential equations 
without delay  

 ሺ𝐸  𝐷ሻ ⋅ 𝑧ሶሺ𝑡ሻ ൌ 𝑓ሺ𝑧ሺ𝑡ሻሻ  𝑔ሺ𝑧ሺ𝑡ሻሻ. (5) 

     Since the functions 𝑓ሺ𝑥ሻ and 𝑔ሺ𝑦ሻ are positive-homogeneous, then the inequality 
‖𝑓ሺ𝑥ሻ‖  𝑀 ⋅ ‖𝑥‖ఓ is true, in which 𝑀 ൌ 𝑚𝑎𝑥ሼ‖𝑓ሺ𝑥ሻ‖, ‖𝑥‖ ൌ 1, 𝑥 ∈ 𝑅ሽ, and the 
inequality ‖𝑔ሺ𝑦ሻ‖  𝑀ଵ ⋅ ‖𝑦‖ఓ is true, in which 𝑀ଵ ൌ 𝑚𝑎𝑥ሼ‖𝑔ሺ𝑦ሻ‖, ‖𝑦‖ ൌ 1, 𝑦 ∈ 𝑅ሽ. 

     Since 
డሺ௬ሻ

డ௬ೕ
, 𝑗 ൌ 1, … , 𝑛 is positive-homogeneous functions of order 𝜇 െ 1, there exists 

such a constant 𝑀ଶ that ቛ
డሺ௬ሻ

డ௬
ቛ  𝑀ଶ ⋅ ‖𝑦‖ఓିଵ. 

     The following stability results form the basis for our further constructions in this report. 
     Theorem 5. Let 𝑤ሺ𝑧ሻ be a differentiable positive homogeneous function satisfying the 
conditions 𝑎ଵ ⋅ ‖𝑧‖ఉ  𝑤ሺ𝑧ሻ  𝑎ଶ ⋅ ‖𝑧‖ఉ and 𝛽  𝜇  1. 
     If system (3) is asymptotically stable, then there are exists a positive homogeneous 
function 𝑉ሺ𝑧ሻ such that the following holds: 

a) 𝑉ሺ𝑧ሻ is a twice differentiable positive homogeneous function; 
b) the function 𝑉ሺ𝑧ሻ is differentiable along the solution of system eqn (5), and 

ௗሺ௭ሺ௧ሻሻ

ௗ௧
ൌ ቀ

డሺ௭ሻ

డ௭
ቁ

்
⋅ ሺ𝐸  𝐷ሻିଵ ⋅ ሺ𝑓ሺ𝑧ሻ  𝑔ሺ𝑧ሻሻ ൌ െ𝑤ሺ𝑧ሻ. 

4  EXAMPLE: SCALAR EQUATION 
Consider the equation  

 𝑥ሶሺ𝑡ሻ  𝑑 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ ൌ 𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻ, 𝑡  0, (6) 

in which |𝑑| ൏ 1 and 𝑎  𝑏 ൏ 0. 
     Corollary 4 for eqn (6) takes the form: 
     Corollary 6. If 𝑥ሺ𝑡ሻ is the solution of eqn (6), then the following equations are valid for 
𝑡  ℎ: 

 𝑥ሺ𝑡 െ ℎሻ ൌ 𝑥ሺ𝑡ሻ െ  𝑥ሶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
, (7) 

 𝑥ଷሺ𝑡 െ ℎሻ ൌ 𝑥ଷሺ𝑡ሻ െ 3 ⋅  𝑥ଶሺ𝜈ሻ ⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
, (8) 

𝑑
𝑑𝑡

ቆන ሺ𝛼  𝛽 ⋅ ሺ𝜈 െ 𝑡ሻሻ ⋅ 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
ቇ 

 ൌ 𝛼 ⋅ 𝑥ሶ ଶሺ𝑡ሻ െ ሺ𝛼 െ 𝛽 ⋅ ℎሻ ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ െ 𝛽 ⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
. (9) 

The equalities eqns (7)–(9) are also true at points 𝑡 ∈ ሼ𝜏  𝑚 ⋅ ℎ, 𝑚 ൌ 1,2, … ሽ of the break 
of function 𝑥ሶሺ𝑡ሻ. 
     We are going to construct a complete type functional, positively defined in some 
neighborhood of zero, and which solve problem of the asymptotic stability of the zero 
solution of eqn (6). 
     To this end, we consider several auxiliary functionals and their derivatives along the 
solutions of this equation. 
     Let 
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𝑣ଵሺ𝑥௧ሻ ൌ ሺ𝑥ሺ𝑡ሻ  𝑑 ⋅ 𝑥ሺ𝑡 െ ℎሻሻଶ, 

then 

𝑑𝑣ଵሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

ൌ 2 ⋅ ሺ𝑥ሺ𝑡ሻ  𝑑 ⋅ 𝑥ሺ𝑡 െ ℎሻሻ ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻ 

ൌ 2 ⋅ ሺ𝑎  𝑏ሻ ⋅ ሺ1  𝑑ሻ ⋅ 𝑥ସሺ𝑡ሻ െ 6 ⋅ 𝑏 ⋅ ሺ1  𝑑ሻ ⋅ 𝑥ሺ𝑡ሻ ⋅ න 𝑥ଶሺ𝜈ሻ ⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
 

െ2 ⋅ 𝑑 ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻ ⋅  𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
. 

Using obvious inequalities 

2 ⋅ ቤ𝑥ሺ𝑡ሻ ⋅ න 𝑥ଶሺ𝜈ሻ ⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
ቤ 

1
𝜀

⋅ 𝑥ଶሺ𝑡ሻ ⋅ න 𝑥ସሺ𝜈ሻ
௧

௧ିℎ
𝑑𝜈  𝜀 ⋅ න 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈

௧

௧ିℎ
 

and 

2 ⋅ ቤሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻ ⋅ න 𝑥ሶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
ቤ 


ଵ

ఌ
⋅ ℎ ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻଶ  𝜀 ⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

, 

we obtain an estimate 

𝑑𝑣ଵሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

 2 ⋅ ሺ𝑎  𝑏ሻ ⋅ ሺ1  𝑑ሻ ⋅ 𝑥ସሺ𝑡ሻ  𝜀 ⋅ ሺ3 ⋅ |𝑏| ⋅ ሺ1  𝑑ሻ  |𝑑|ሻ ⋅ න 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
 

 
ଵ

ఌ
⋅ ቂ3 ⋅ |𝑏| ⋅ ሺ1  𝑑ሻ ⋅ 𝑥ଶሺ𝑡ሻ ⋅  𝑥ସሺ𝜈ሻ

௧
௧ିℎ

𝑑𝜈  ℎ ⋅ |𝑑|ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻଶቃ.  (10) 

Define 

𝑣ଶሺ𝑥௧ሻ ൌ 𝑥ସሺ𝑡ሻ, 

then 

𝑑𝑣ଶሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

ൌ 4 ⋅ 𝑥ଷሺ𝑡ሻ ⋅ ൫െ𝑑 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ  ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻ൯ 

ൌ 4 ⋅ ሺ𝑎  𝑏ሻ ⋅ 𝑥ሺ𝑡ሻ  4 ⋅ 𝑥ଷሺ𝑡ሻ ⋅ ቀെ𝑑 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ െ 3𝑏 ⋅  𝑥ଶሺ𝜈ሻ ⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ ቁ. 

Therefore 

𝑑𝑣ଶሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

 4 ⋅ ሺ𝑎  𝑏ሻ ⋅ 𝑥ሺ𝑡ሻ  2 ⋅ 𝜀̃ ⋅ ቆ3 ⋅ |𝑏| ⋅ න 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
 |𝑑| ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻቇ 

 
ଶ

ఌ
⋅ ቂ3 ⋅ |𝑏| ⋅ 𝑥ሺ𝑡ሻ ⋅  𝑥ସሺ𝜈ሻ

௧
௧ିℎ

𝑑𝜈  |𝑑| ⋅ 𝑥ሺ𝑡ሻቃ. (11) 

Let 

𝑣ଷሺ𝑥௧ሻ ൌ  ሺ2ℎ  ሺ1 െ 𝑑ଶሻ ⋅ ሺ𝜈 െ 𝑡ሻሻ ⋅ 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
, 

then 

88  Maritime Transport

 
 www.witpress.com, ISSN 1743-3509 (on-line) 
WIT Transactions on The Built Environment, Vol 187, © 2019 WIT Press



𝑑𝑣ଷሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

ൌ 2ℎ ⋅ 𝑥ሶ ଶሺ𝑡ሻ െ ℎ ⋅ ሺ1  𝑑ଶሻ ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ െ ሺ1 െ 𝑑ଶሻ ⋅ න 𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
 

ൌ െℎ ⋅ ሺ1 െ 𝑑ଶሻ ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ െ 4ℎ ⋅ 𝑑 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻ 

2ℎ ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻଶ െ ሺ1 െ 𝑑ଶሻ ⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
. 

Hence 

𝑑𝑣ଷሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺସሻ

 െℎ ⋅ ሺ1 െ 𝑑ଶሻ ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ  2 ⋅ 𝜀̂ ⋅ ℎ ⋅ |𝑑| ⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ 

 2 ⋅ ℎ ⋅ ቀ1 
|ௗ|

ఌො
ቁ ⋅ ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻଶ െ ሺ1 െ 𝑑ଶሻ ⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

. (12) 

If 

𝑣ସሺ𝑥௧ሻ ൌ  ሺ2ℎ  𝜈ሻ ⋅ 𝑥ସሺ𝑡  𝜈ሻ𝑑𝜈


ିℎ
, 

then 

 
ௗ௩రሺ௫ሻ

ௗ௧
ቚ

ሺସሻ
ൌ 2ℎ ⋅ 𝑥ସሺ𝑡ሻ െ ℎ ⋅ 𝑥ସሺ𝑡 െ ℎሻ െ  𝑥ସሺ𝑡  𝜈ሻ𝑑𝜈


ିℎ

. (13) 

     Take some positive numbers 𝐴, 𝐵, 𝐶, and consider the functional 

𝑣ሺ𝑥௧ሻ ൌ 𝑣ଵሺ𝑥௧ሻ  𝐴 ⋅ 𝑣ଶሺ𝑥௧ሻ  𝐵 ⋅ 𝑣ଷሺ𝑥௧ሻ  𝐶 ⋅ 𝑣ସሺ𝑥௧ሻ. 

The functional 𝑣 ሺ𝑥௧ሻ is obviously positive definite and has an infinitesimal upper limit. 
     We calculate the derivative of this functional along the solutions of eqn (6). Using the 
above estimates of eqns (10)–(13), and applying the inequality 

ሺ𝑎 ⋅ 𝑥ଷሺ𝑡ሻ  𝑏 ⋅ 𝑥ଷሺ𝑡 െ ℎሻሻଶ  ሺ𝑎ଶ  𝑏ଶሻ ⋅ ሺ𝑥ሺ𝑡ሻ  𝑥ሺ𝑡 െ ℎሻሻ, 

we obtain the estimate 

ௗ௩ ሺ௫ሻ

ௗ௧
ቚ

ሺସሻ
 𝐼ଵ  𝐼ଶ  𝐼ଷ  𝐼ସ  𝐼ହ, 

in which 

𝐼ଵ ൌ 𝑥ସሺ𝑡ሻ ⋅ ሾ2 ⋅ ሺ𝑎  𝑏ሻ ⋅ ሺ1  𝑑ሻ  4 ⋅ 𝐴 ⋅ ሺ𝑎  𝑏ሻ ⋅ 𝑥ଶሺ𝑡ሻ  2 ⋅ 𝐶 ⋅ ℎ 

 ൬
ℎ

𝜀
⋅ |𝑑| ⋅ ሺ𝑎ଶ  𝑏ଶሻ൰ ⋅ 𝑥ଶሺ𝑡ሻ 

2 ⋅ 𝐴
𝜀̃

ቆ|𝑑|  3 ⋅ |𝑏| ⋅ න 𝑥ସሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
ቇ ⋅ 𝑥ଶሺ𝑡ሻ 

 2 ⋅ 𝐵 ⋅ ℎ ⋅ ቀ1 
|ௗ|

ఌො
ቁ ⋅ ሺ𝑎ଶ  𝑏ଶሻ ⋅ 𝑥ଶሺ𝑡ሻቃ, 

𝐼ଶ ൌ 𝑥ସሺ𝑡 െ ℎሻ ⋅ ቈെℎ ⋅ 𝐶 
ℎ ⋅ |𝑑| ⋅ ሺ𝑎ଶ  𝑏ଶሻ

𝜀
⋅ 𝑥ଶሺ𝑡 െ ℎሻ 

2 ⋅ 𝐵 ⋅ ℎ ⋅ ቀ1 
|ௗ|

ఌො
ቁ ⋅ ሺ𝑎ଶ  𝑏ଶሻ ⋅ 𝑥ଶሺ𝑡 െ ℎሻሻቃ, 

𝐼ଷ ൌ  𝑥ସሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
⋅ ቂെС

ଷ⋅||⋅ሺଵାௗሻ

ఌ
⋅ 𝐻ଶቃ, 

𝐼ସ ൌ 𝑥ሶ ଶሺ𝑡 െ ℎሻ ⋅ ሾെ𝐵 ⋅ ℎ ⋅ ሺ1 െ 𝑑ଶሻ  2 ⋅ 𝐵 ⋅ 𝜀̂ ⋅ ℎ ⋅ |𝑑|  2 ⋅ 𝐴 ⋅ 𝜀̃ ⋅ |𝑑|ሿ, 
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𝐼ହ ൌ  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
⋅ ሾെ𝐵 ⋅ ሺ1 െ 𝑑ଶሻ  𝜀 ⋅ ሺ3 ⋅ |𝑏| ⋅ ሺ1  𝑑ሻ  |𝑑|ሻ  6 ⋅ 𝐴 ⋅ 𝜀̃ ⋅ |𝑏|ሿ. 

     Set the values of the coefficients 𝐴 ൌ 𝐵 ൌ 1, 𝐶 ⋅ ℎ ൌ െሺ𝑎  𝑏ሻ ⋅ ሺ1  𝑑ሻ/4 of the 
functional𝑣ሺ𝑥௧ሻ, and the parameters 

𝜀 ൌ 𝜀̃ ൌ 𝜀̂ ൌ
ଵିௗమ

ଶ
⋅ 𝑚𝑖𝑛 ቄ

ଵ

ଷ⋅||⋅ሺଷାௗሻା|ௗ|
;

ℎ

ଶ⋅ሺଵାℎሻ⋅|ௗ|ቅ. 

Then we have the inequality 

𝐼ସ  െ
ℎ⋅ሺଵିௗమሻ

ଶ
⋅ 𝑥ሶ ଶሺ𝑡 െ ℎሻ, 

and 

𝐼ହ  െ
ሺଵିௗమሻ

ଶ
⋅  𝑥ሶ ଶሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

. 

Next, we define parameter 𝐻 from condition 

Нଶ ൌ 𝑚𝑖𝑛 ቄ1;
⋅ఌ

||⋅ሺଵାௗሻ
;

⋅ఌ

ሺమାమሻሺସఌା|ௗ|ሻ
; ଶ⋅⋅⋅ఌ

ଶ|ௗ|ାℎ⋅ሼ||ାሺమାమሻሺଶఌାଷ|ௗ|ሻሽ
ቅ, 

so inequalities 𝐼ଷ  െ
С

ଶ
⋅  𝑥ସሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

, 𝐼ଶ  െ
С⋅

ଶ
⋅ 𝑥ସሺ𝑡 െ ℎሻ and 𝐼ଵ  ሺ𝑎  𝑏ሻ ⋅ ሺ1  𝑑ሻ ⋅

𝑥ସሺ𝑡ሻ hold true. 
     Since the functional 𝑣ሺ𝑥௧ሻ satisfies the conditions of Krasovsky’s theorem, the next 
statement is true. 
     Theorem 7. If |𝑑| ൏ 1 and 𝑎  𝑏 ൏ 0, then the zero solution of eqn (6) is asymptotically 
Lyapunov stable. 
     Theorem 8. If |𝑑| ൏ 1 and 𝑎  𝑏  0, then the zero solution of eqn (6) is Lyapunov 
unstable. 
     Proof. To be carried out in the same way, if you select the following Lyapunov functional 

𝑣ሺ𝑥௧ሻ ൌ െ𝑣ଵሺ𝑥௧ሻ െ 𝐴 ⋅ 𝑣ଶሺ𝑥௧ሻ  𝐵 ⋅ 𝑣ଷሺ𝑥௧ሻ  𝐶 ⋅ 𝑣ସሺ𝑥௧ሻ. 

5  BASIC RESULTS 
At first, we study a system (1) 

 𝑥ሶሺ𝑡ሻ  𝐷 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ ൌ 𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ,  (14) 

in which 𝜏 ൌ ℎ. 
     Theorem 9. If system eqn (3) is asymptotically stable and‖𝐷‖ ൌ 𝑑 ൏ 1, then the trivial 
solution of system eqn (14) is also asymptotically stable. 
     Proof. To analyze the asymptotic stability of the zero solution of the system of eqn (14) 
we will construct the functional of the complete type that satisfy Krasovsky’s theorem. 
     Let the functions 𝑉ሺ𝑧ሻ and 𝑤ሺ𝑧ሻ satisfy the conditions of theorem 5, with the condition 
6𝜇  3𝛽  4𝜇 െ 2. 
     We consider several auxiliary functionals and their derivatives along the solutions of this 
system. 
     Let 

𝑣ଵሺ𝑥௧ሻ ൌ 𝑉ሺ𝑧ሻ, 

in which 

𝑧 ൌ ሺ𝐸  𝐷ሻିଵ ⋅ ሺ𝑥ሺ𝑡ሻ  𝐷 ⋅ 𝑥ሺ𝑡 െ ℎሻሻ. 
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Then 

ௗ௩భሺ௫ሻ

ௗ௧
ቚ

ሺଵሻ
ൌ ቀ

డሺ௭ሻ

డ௭
ቁ

்
⋅ ሺ𝐸  𝐷ሻିଵ ⋅ ሺ𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ. 

Using equalities eqns (2), (3) and equality 

ቛ
డሺ௭ሻ

డ௭
െ

డሺ௫ሺ௧ሻሻ

డሺ௫ሺ௧ሻሻ
ቛ ൌ ฯ

డమሾ௫ሺ௧ሻିఙ⋅ሺாାሻషభ⋅⋅ ௫ሶሺఔሻௗఔ


షℎ ሿ

డ௭మ ⋅ ሺ𝐸  𝐷ሻିଵ ⋅ 𝐷 ⋅  𝑥ሶ ሺ𝜈ሻ𝑑𝜈
௧

௧ିℎ
ฯ, 

in which (0,1)  , we obtain an estimate 

𝑑𝑣ଵሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺଵሻ

 െ𝑤ሺ𝑥ሺ𝑡ሻሻ  𝜀 ⋅ 𝑏ଵ ⋅ න ‖𝑥ሶሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିℎ
 


భ⋅ுഁషమ

ఌ
⋅ ቀ‖𝑥ሺ𝑡ሻ‖ఉ  ‖𝑥ሺ𝑡 െ ℎሻ‖ఉ   ‖𝑥ሺ𝜈ሻ‖ఉ𝑑𝜈

௧
௧ିℎ ቁ. 

Define  

𝑣ଶሺ𝑥௧ሻ ൌ ሺ𝑉ሺ𝑥ሺ𝑡ሻሻሻଶ. 

Then 

𝑑𝑣ଶሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺଵሻ

ൌ 2 ⋅ 𝑉ሺ𝑥ሺ𝑡ሻሻ ⋅ ൬
𝜕𝑉ሺ𝑥ሺ𝑡ሻሻ
𝜕ሺ𝑥ሺ𝑡ሻሻ

൰
்

 

ൈ ൬െ𝐷 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ  𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡ሻሻ െ  ቀ
డሺ௫ሺఔሻሻ

డ௫ሺఔሻ
ቁ

்
⋅ 𝑥ሶ ሺ𝜈ሻ𝑑𝜈

௧
௧ିℎ

ሻ൰. 

Therefore 

𝑑𝑣ଶሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺଵሻ

 െ2 ⋅ 𝑉ሺ𝑥ሺ𝑡ሻሻ ⋅ 𝑤ሺ𝑥ሺ𝑡ሻሻ  𝜀̃ ⋅ 𝑏ଶ ⋅ ቆ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ଶ  න ‖𝑥ሶሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିℎ
ሻቇ 


మ⋅ுయഁషరഋశమ

ఌ
⋅ ቀ‖𝑥ሺ𝑡ሻ‖ఉ   ‖𝑥ሺ𝜈ሻ‖ఉ𝑑𝜈

௧
௧ିℎ ቁ. 

Let 

𝑣ଷሺ𝑥௧ሻ ൌ  ሺ2ℎ  ሺ1 െ 𝑑ଶሻ ⋅ ሺ𝜈 െ 𝑡ሻሻ ⋅ ‖𝑥ሶ ሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିℎ
, 

then 

𝑑𝑣ଷሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺଵሻ

ൌ 2ℎ ⋅ ‖𝑥ሶ ሺ𝑡ሻ‖ଶ െ ℎ ⋅ ሺ1  𝑑ଶሻ ⋅ ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ଶ െ ሺ1 െ 𝑑ଶሻ ⋅ න ‖𝑥ሶሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିℎ
 

ൌ 2ℎ ⋅ ‖െ𝐷 ⋅ 𝑥ሶ ሺ𝑡 െ ℎሻ  𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ‖ଶ 

െℎ ⋅ ሺ1  𝑑ଶሻ ⋅ ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ଶ െ ሺ1 െ 𝑑ଶሻ ⋅  ‖𝑥ሶ ሺ𝜈ሻ‖ଶ𝑑𝜈
௧

௧ିℎ
. 

Evaluating the resulting expression in the same way as a similar expression in the proof of 
Theorem 7, and taking into account the equality of ‖𝐷‖ ൌ 𝑑 ൏ 1, we obtain an estimate of 

𝑑𝑣ଷሺ𝑥௧ሻ
𝑑𝑡

ฬ
ሺଵሻ

 െℎ ⋅ ሺ1 െ 𝑑ଶሻ ⋅ ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ଶ  2 ⋅ 𝜀̂ ⋅ ℎ ⋅ 𝑑 ⋅ ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ଶ 
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2 ⋅ ℎ ⋅ ቀ1 
ௗ

ఌො
ቁ ⋅ ‖𝑓ሺ𝑥ሺ𝑡ሻሻ  𝑔ሺ𝑥ሺ𝑡 െ ℎሻሻ‖ଶ െ ሺ1 െ 𝑑ଶሻ ⋅  ‖𝑥ሶ ሺ𝜈ሻ‖𝑑𝜈

௧
௧ିℎ

. 

If 

𝑣ସሺ𝑥௧ሻ ൌ  ሺ2ℎ  𝜈ሻ ⋅ ‖𝑥ሶ ሺ𝑡  𝜈ሻ‖ఉ𝑑𝜈


ିℎ
, 

then 

ௗ௩రሺ௫ሻ

ௗ௧
ቚ

ሺଵሻ
ൌ 2ℎ ⋅ ‖𝑥ሶ ሺ𝑡ሻ‖ఉ െ ℎ ⋅ ‖𝑥ሶ ሺ𝑡 െ ℎሻ‖ఉ െ  ‖𝑥ሶሺ𝑡  𝜈ሻ‖ఉ𝑑𝜈


ିℎ

. 

     The proof of this theorem is completed in the same way as theorem 7. 
     Remark 10. An obvious modification of the proof allows us to verify the validity of this 
theorem for the original system eqn (1). 
     Remark 11. Under the conditions of Theorem 9, the zero solution of the system eqn (14) 
is asymptotically stable at any delays of 𝜏  0 and ℎ  0. 
     Theorem 12. If system eqn (5) is asymptotically stable and the modules of all eigenvalues 
of the matrix 𝐷 are less than one, then the trivial solution of the system eqn (1) is 
asymptotically stable. 
     Proof. If all eigenvalues of matrix 𝐷 are modulo less than one, then there is a similarity 
transformation 𝐷෩ ൌ 𝑆ିଵ𝐷𝑆 such that ฮ𝐷෩ฮ ൏ 1. Therefore, the transformation of variables 
𝑥 ൌ 𝑆𝑦 leads the system eqn (1) to a new system 

𝑦ሶሺ𝑡ሻ  𝐷෩ ⋅ 𝑦ሶ ሺ𝑡 െ 𝜏ሻ ൌ 𝑆ିଵ𝑓ሺ𝑆𝑦ሺ𝑡ሻሻ  𝑆ିଵ𝑔ሺ𝑆𝑦ሺ𝑡 െ ℎሻሻ,  

for which the conditions of Theorem 9 are satisfied. 

6  CONCLUSION 
In this paper we propose a method for constructing of Lyapunov–Krasovsky functionals for 
homogeneous difference-differential systems of neutral type. These functionals allows us to 
estimate the permissible limits of errors of the ship’s control system parameters, the limits of 
permissible oscillations of dynamic characteristics and so on. In addition, the constructed 
functionals can serve as the basis for the optimal damping controller. The developed theory 
and proposed algorithms should improve the safety of sailing and the safety of maneuvering 
of sea vessels in heavy conditions of navigation. 
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