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Abstract

Effective eclastic moduli of a 2-D anisotropic solid with clliptical holes and
cracks having an arbitrary (non-random) orientational distribution are given in
closed form. Proper tensorial parameters of defect density (dependent on
ellipses' eccentricity and their orientations re/ative to the matrix anisotropy axes)
are identified. This allows one to establish the overall elastic anisotropy. The
results for mixtures of holes and cracks are presented.

1 Introduction

We call the density parameter proper if it correctly reflects the individual hole
contributions to the overall clastic compliance. Only in terms of such a
parameter can the effective compliances be uniquely expressed. Identification of
the proper density parameter is a non-trivial problem, since the individual hole
contributions to the overall compliances depend not only on the hole shapes but
on their orientations relative to the matrix anisotropy axes (for example,
clongated holes normal to the "stiffer" direction of the matrix produce a higher
impact on the overall compliance than the ones normal to the "softer" direction).
We show, following Kachanov et al. [1], that the proper density parameter is
implied by the structure of the elastic potential. The potential-based procedure to
derive the effective compliances of an anisotropic material with holes and cracks
is outlined below.
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Strain per reference area 4 containing a hole is a sum: £=S" : 6+ Ag

(or g = Sz;)'kl o +Agy; in indicial notation), where S’ is the compliance

tensor of the matrix. Hole's contribution Ag is given by the integral

Ae =—(1/24)( (un +nu)dl (M
r

where n is the unit normal to hole boundary I (inwards the hole) and U
denotes displacements of points of I" and un, nu are dyadic products of two
vectors.

Due to linear elasticity, Ag is a linear function of ¢ and hence can be
written as

Ae= H:o 2)

where fourth rank tensor H is the cavity compliance tensor (possessing the
usual symmetries H,, =H ,, =H, ) H-tensors were found for a
number of 2-D and 3-D cavity shapes by Tsukrov and Kachanov [2] and
Kachanov et al. [1], in the case of the isofropic matrix. Mauge and
Kachanov [3] derived results for an anisofropic matrix with cracks of arbitrary
orientations. Here, we present the results for holes, cracks and mixtures of
holes and cracks in the orthotropic matrix.

We formulate the problem in terms of the elastic pofential (rather than
compliances); its structure implies the proper parameters of defect density and
establishes the overall anisotropy. The potential in stresses

f(6)=(1/2)6:£(6) of a solid with a hole is

£(0)=(1/2)0:S° :6+(1/2)0:H :0 = fo +AfF 3)

where f() is the elastic potential of the matrix material, Af is the change in
the potential due to the presence of a hole. For the orthotropic solid,

follry )= (/280)o2, + b/222) 02, ~0, /0 Jorno + /260 ),

where E,O 5 G,(} and Vg are Young's moduli, shear moduli and Poisson's

ratios of the matrix in the case of plane stress. In plane strain,
Ey — E1 [(1-v13v31). via > (12 +v3va)[(1-vi3v31),
Ey — By [(1=vy3v32), va1 = (va1 +va3v31)/(1=va3v3n).
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In the case of a crack, expression (1) reduces to Ag = (12 / A)(bn +nb),
where vector b = <u+ -u > /l is the average over the crack displacement

discontinuity normalized to the crack length /. Due to linear elasticity, b is a
linear function of traction N -6 induced by remotely applied 6 at the crack
site in a continuous material:

b=n-¢-B (or b; =0y B ; 4)

where symmetric second rank tensor B is the crack compliance tensor. The
change in the potential due to 2-D rectilinear crack is

Af =(1/2)6:4e=(1/4)s:/°nBn: o (5)
hence identifying H -tensor of a crack as (appropriately symmetrized)

H:(zl 2 /A)an ©)
2
or Hyjy = (Z /2)(n,-Bjknl +n,Bn +n;B jny +njBi1nk).

‘We now consider a matrix with many holes in the non-interaction
approximation: each hole is placed into ¢ -field and does not experience any
influence of neighbors. This approximation is of the fundamental importance:
besides being rigorous at small defect densities, it constitutes the basic building
block for various approximate. In the non-interaction approximation, the
potential change due to holes is

Af = (1/2)0:ZH(") ‘G 7

Tensor H = ZH(k) (summation may be replaced by integration over

orientations, if computationally convenient) takes the individual cavity
contributions with proper "relative weights" and, thus, constitutes the proper
parameter of defect density. Below, we specialize it for elliptical holes in the

orthotropic matrix. The effective elastic compliances S jjkl are obtained from

gij = 6(/”0 +Af)/50','j = S,jkla'kl .
In the case of cracks, equation (7) takes the form

AN=0: (1/A)Z<lann)(k) ‘o (8)
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k
This introduces fourth rank tensor (1/A)Z<12an)( ) appropriately
symmetrized, as the proper general parameter of crack density. For the
isofropic matrix, B= (ﬂ/E)I where I is the unit tensor; then

Af = (ﬂ / E)G 6 1 0. thus identifying symmetric second rank crack density
tensor (Kachanov [4]) as the proper parameter of crack density:

a=(1/4)Y (Zznn)(k) )

2 An elliptical hole in the orthotropic matrix

For an elliptical hole arbitrary oriented in the orthotropic matrix (Fig. 1),
components of the hole compliance tensor can be derived using results of
Lekhnitski [5] as follows

L b
H1111:"ﬂ'— <b2—02)0052¢7+a2+—a—~—
0 0
AJE LE!
2 2
_ b
H1112~7rb SIn@ cosQ, Hyjpp=— =~
24 E{) AYEES
2
Hipn= o[ —b IVEz V& )005 @
44, EES

(10)

+a2\/E+ab14fEloEg +b2\/226}
7[!])2 -a® ,g: .
sing cose,

Hyppn= 5
24\
L
H2222=ﬂ-—0 (Cl:Z —bz)COSZ ¢+ b2 + 5
AN ES L\ E,

where L=1/GY — 28y [E? + 2/ JEVED
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Figure 1: Elliptical hole in the orthotropic matrix (x; , x, are
the orthotropy axes with unit vectors e;, e, ).

In the case of a crack (b = 0, a=1), the dependence of H =nBn on the
crack orientation ¢ is remarkably simple: it is expressed only through vector n

whereas crack compliance tensor B is constant (independent of @ ):

B== (14 D)erer + Z-(1- D)eses an

where

1\/? \/E'O _2"12 2 \/_ \/F
I (= I \/— JES

In the case of a circular hole (a = b), hole's influence on the elastic
compliance is anisotropic: the reduction of stiffness due to the hole is greater in
the stiffer direction of the matrix (in spite of the "geometrically isotropic" shape
of the hole). This implies that circular holes reduce the extent of the matrix
anisotropy.

3 One family of parallel ellipses

Let us consider one family of parallel ellipses of an arbitrary orientation ¢ .
This case is important since, for any orientational distribution of non-interacting
ellipses, the effective elastic compliances are obtained by integration over
orientations (with appropriate distribution density) of the results of this section.
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Tensor H* =ZH(k) is expressed in terms of scalar porosity

p= (]/A)ﬂ'z (ab)(k) and symmetric second rank hole

B= (l/A)zz’Z (aznn +b2tt)(k) as follows

* 1 .
Hiyp =—[P+L\/E? (ﬂnn sin® g+ 3, cos® ¢)}

-0
El

* L .
Hyjp= = (By ~ Bon)sing cos
£

2

* 0 -0 0 :
lelzz————[pl4fE1 E, +,}El (ﬂnn sin’ o+ By cos’ q))

L
+ @ (ﬂnn cos? o+ [y sin® goﬂ

* L

* p .
H“”:—T)_’ Hypp= = (B — Bun)sing cosg
JE°E 2/

* 1 0 2 ")
Hyop= 0 {P+L\/Ez (ﬂnn cos” g+ [y sin (Pﬂ

2

density tensor

(12)

where [, = (I/A)n'z a(k)2 and Sy = (1/A)72'Zb(k)2 are components of

p.

The effective elastic constants are, generally, non-orthotropic (except for
the cases @ =0 or ¢ = 77/2). Some of the elastic moduli, given in terms of the

"engineering constants" are

-1

(El/Elo) =1+ p+LyE) (ﬂn,, sin® ¢ + B, cos? ¢)
-1

(Ez/Eg) =1+ p+L\/Eg (ﬂnn cos? @+ By sin? go)

via/E1 = VIOZ/Elo +P/\!E10E20

13)

In the case of matrix isotropy, results of Kachanov ef a/. [1] are recovered.
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Results for circular holes are obtained as a special case, at [} = pl . The
dependence on @ vanishes and we obtain, for example,

-1 et
(5 /£2) :1+p(1+L\/E10 )
4 Randomly oriented ellipses

In this case, components of hole density tensor can be expressed in terms of

porosity p and the eccentricity parameter q = (7r/ A)Z (a - b)z(k) as follows

e 1AL E L
1111 = p+ q
EY 2(E!
* 1
Hy1pp =~
EVE)
* L [0 [-0-0 . [,-0 [0 . [0
8, EE)
14 L EY L
* 2
Hm=——5—pr+—=1
£y 2\E)

In spite of random orientations, tensor H is not isotropic: randomly oriented
ellipses produce a higher impact on the compliance in the "stiffer" direction of
the matrix and, thus, reduce the overall anisotropy. The effective moduli are
orthotropic and given by

E -y v
—})—:[H(HL E{))p+(L/2) Eloq} ,lz-%+—p—
Ey E, E, EloEg

-1
E
—%:[1+(1+L Egjp+(L/2) qu} (14)
Ly

-1

0

Gyp LGy [0, ¢[00, [0 [0, [0
Glozz I+ Ey + L\ EVE) +4E, p+( Ey + Ez)q

0.0
4 E)E)
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We emphasize that, even in the case of random orientations, the moduli cannot
be expressed in terms of porosity p alone — a second hole density parameter g

is also needed.
Note gradual disappearance of anisotropy as the hole density increases. The

ratio of Young's moduli 7, / E2 characterizing the extent of anisotropy is:

E _E 1+(1+L Eg)p+(L/2) Elq
E, B 1+\i+ LE o+ (L/2)E g

15)

5 Mixtures of holes and cracks

The approach presented in this paper covers, in a unified way, any mixtures of
holes of diverse eccentricities (including cracks). For example, in the case of a
mixture of circular holes and cracks, the hole density tensor f§ can be represented
as a sum

B= ﬁholes + ﬁcracks =pl+a (16)

Below, the results for the mixture of circular holes and parallel cracks
(Figs 2, 3) are presented. The effective elastic moduli are expressed in terms of

k)2 . .
porosity p and scalar crack density p = (72'/ A)ZZ (k) (linear invariant of the
crack density tensor a , see eqn (9)) as follows

(EI/E{’)—l =1+ paLE sin? qo+p(l+L E{))
(EZ/ES)—1 =1+p7Z'L\/EC052 q)+p(1+L Eg)
(1268 =1+ 272 (o o (5] vn? o/ ). 09

+—p—G21(12—L—(1/\/—E_16+L+1/\/E§)
viy [Ey =0 JEO + p/\[EOED
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Figure 2: Mixture of circular holes and parallel cracks
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Figure 3: Ratio E; /E, for the orthotropic matrix (El0 /Eg =41,

E) (G, =10, v}y =0.277, v, = 0.068 ) with circular holes

having porosity p =0.1 and cracks inclined at angle @ to x -axis
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6 Conclusions

Effective elastic properties of an anisotropic matrix with elliptical holes of an
arbitrary orientational distribution are derived in closed form. One of the key
problems is the identification of the proper parameters of defect density that
correctly reflect the individual defect contributions to the overall compliances.
Expressions of the effective moduli in terms of such parameters apply to all
orientational distributions of holes. Another advantage of the proposed approach
is that any mixtures of holes of diverse eccentricitics (including cracks) are
covered in a unified way.
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