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Abstract

A fatal subarachnoid haemorrhage occurs when an intracranial aneurysm
ruptures and there are no guidelines for rupture risk assessment with perfect
reliability. Thrombus formation in stagnant flow condition has been said to play
an important role in rupture. However, there are, at present, no mathematical
models that allow us to simulate the whole process of thrombus formation in
aneurysms. In this study, the authors proposed a mathematical model of intra-
aneurysmal coagulation so that the amount of fibrin generated in the aneurysm
can be calculated. It is known that coagulation is initiated by erythroelastase-1X
(EE-IX) in stagnant flow condition. This process is different from contact and
tissue factor pathways. In the present coagulation model, the reaction rate
constant of factor IX activation by EE-1X was determined. A group of reactions
in which anticoagulants are involved are treated as a whole so as to reduce
computational cost, and a quantity for the combined reaction rate constant is also
determined. It is demonstrated that the present coagulation model can reproduce
the rate of fibrin generation in a reference experiment at a reasonable
computational cost.

Keywords: intracranial aneurysm, rupture, stagnant blood flow, coagulation,
erythroelastase-IX.

1 Introduction

Intracranial aneurysms cause fatal subarachnoid haemorrhages when they
rupture. Unruptured aneurysms can be found by means of magnetic resonance
imaging (MRI) or computed tomography (CT) before the patients have any
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symptoms, and there are neurosurgical treatments to prevent future rupture of the
detected aneurysms, e.g. clipping and coiling. However, such a treatment is not
applied to every aneurysm because not all aneurysms rupture and because the
treatments are so invasive [1] that the patients’ lives could be jeopardised. It is,
therefore, necessary to make a critical decision about whether to apply any
treatment whenever an unruptured aneurysm is found. Although it seems
reasonable to treat only aneurysms with high probabilities of future rupture, it is
difficult with the present understanding to predict precisely which aneurysms are
likely to rupture.

Two promising morphological parameters, aspect ratio (AR) and size ratio
(SR), have been proposed for rupture prediction. It is considered that an
aneurysm with a higher AR or SR is more likely to rupture than one with a lower
AR or SR. AR is a ratio of aneurysmal dome depth to neck width while SR is
defined as a ratio of dome length to parent vessel diameter. Ujiie et al. [2]
reported a significant correlation of AR with rupture status and proposed a
criterion AR>1.6 for assessing rupture risk. Other researchers [3, 4] concurred
with this correlation. A comparably high correlation between SR and rupture
status was also reported [5-7] and it was suggested that SR>2 could be a
criterion for rupture risk assessment.

A haemodynamical significance of AR and SR is slowness of intra-
aneurysmal flow. Shimano et al. [8] theoretically clarified that AR and SR are
factors directly affecting velocity scale of the intra-aneurysmal flow. In stagnant
flow condition, thrombus formation is likely. Ujiie et al. [9] suggested that
thrombi play an important role in degeneration of the artery wall because of the
effect of the enzyme involved in ensuing fibrinolysis. In an experiment of
Takahashi et al. [10], thrombus formation was observed in a model aneurysm
with an AR of 2.3. Shimano et al. [11, 12], who applied their platelet aggregation
model to two model aneurysms, found that stagnant flow in aneurysmal domes
prompts active platelet aggregation. For further understanding of the issue, it is
necessary to develop a computational model which allows us to simulate the
whole process of intra-aneurysmal thrombus formation in consideration of not
only platelet aggregation but also coagulation.

Coagulation is a process in which insoluble fibrin is generated at the end of a
cascade of enzymatic reactions. In stagnant flow, the coagulation cascade is
initiated by erythroelastase-1X (EE-I1X) [13], an enzyme found on membranes of
red blood cells (RBCs). This process is not identical to the tissue factor pathway
(extrinsic pathway) or the contact pathway (intrinsic pathway). Referring to an
experiment by Iwata et al. [13], the authors propose a mathematical model of
coagulation initiated by EE-1X so that the amount of fibrin generated in the
aneurysm can be evaluated.

The present coagulation model is expressed in the form of a system of
ordinary differential equations with derivatives of time. However, when the
model is applied to blood flow in a real aneurysm, spatial derivatives
representing the convection and diffusion should be added to the model
equations. In this context, it is necessary to assure not only high accuracy but
also low computational cost.
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There are so many anticoagulants that it would require a high computational
cost to consider all anticoagulants. Furthermore, it is even impossible to do so
with some anticoagulants of which effects have not been fully elucidated. Thus,
reactions related to anticoagulants are treated jointly with other reactions. This
means that a group of closely connected reactions are considered as a whole by
deriving a combined reaction rate constant. Determination of such combined
reaction rate constants is a task of primary importance in this study.

Another important task is determination of the rate of factor-1X activation by
EE-I1X because its quantity is unknown.

Details of the present coagulation model are discussed in this paper. Unless
otherwise stated, each coagulation factor is represented by capital letter F
followed by the corresponding Roman numeral, e.g. F-1X. Roman numerals
combined with “a” mean that the coagulation factors are activated.

2 Thrombus formation in aneurysms

2.1 Coagulation initiated by erythroelastase-1X

Neither contact (intrinsic) nor tissue factor (extrinsic) pathway is responsible for
coagulation in cerebral aneurysms because the walls of unruptured aneurysms
are usually intact. According to Takahashi et al. [10], the time-scale of thrombus
formation in an endothelialised model aneurysm was approximately 10-
20 minutes while the time-scale is tens of seconds in normal haemostasis with
the tissue factor pathway. Coagulation in cerebral aneurysms is, therefore,
considered to occur in the same manner as venous thrombus formation.

It has been clarified that activation of F-1X by erythroelastase-IX (EE-I1X)
initiates coagulation of the venous thrombus formation [13]. The coagulation
cascade initiated by EE-IX is depicted schematically in Fig.1 where each
reaction is given a unique ID number. As shown in the legend, there are two
types of arrows in Fig.1: arrows pointing at substances represent the
transformation of substrates to products and those pointing at the middle of other
arrows indicate enzymatic actions. Substances in the rectangles are
anticoagulants. Reactions 1-3, 15 and 16 constitute the main structure of the
cascade while the other reactions represent feedback, acceleration and inhibition.
In the present model, reactions are divided into groups, each of which is treated
as a whole (see chapter 3 for details). Some groups are shown in Fig. 1 by
dashed lines but not all groups appear in the figure to avoid overlaying too great
a number of dashed lines.

F-1X is activated by EE-1X through reaction 1 only when a level of shear rate
is extremely low (less than 10 1/s). It was reported by Kaibara [14] that the rate
of the F-1X activation is higher under a lower shear rate. The resultant substance
F-1XaEE is basically the same as normal F-I1Xa but 10 times slower in activation
of F-X [13]. Reactions after activation of F-X are identical to those in the tissue
factor pathway. Coagulation induced by EE-IX is slower than in normal
haemostasis mainly because reaction 1 is extremely slow. However, the rate of
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fibrin generation is determined by not only the initial reaction but also a balance
between the accelerating and decelerating effects explained below.

A feedback mechanism increases the rate of activation of F-X via F-Xla and
F-1Xa (reactions 5, 7, 8 and 9). On the other hand, there are two acceleration
mechanisms via F-V and F-VIII, respectively. More about the acceleration
mechanisms will be explained in section 2.2.
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Figure 1:  The coagulation cascade initiated by erythroelastase-1X. Capital
letter “F” representing coagulation factors is omitted for simplicity.

There are various anticoagulants, i.e. antithrombin-111 (AT) [15, 16], C1-
inhibitor (Clinh) [17], tissue factor pathway inhibitor (TFPI) [18], protein-C
(PC) [19], protein-S (PS) [20], thrombomodulin (TM) [21] and al-antitrypsin
(oo 1AT) [22]. Although TM forms a complex with F-1la before activating PC,
formation of the complex is not depicted in Fig. 1 for transparency.

2.2 Acceleration mechanisms

Two acceleration mechanisms are illustrated in Fig. 2. Both mechanisms are
closely connected to platelets. When F-lla (thrombin) is generated through
reaction 3, as shown in Fig. 1, F-lla activates F-VIII and F-V through reactions
10 and 13, respectively. Furthermore, F-l1la induces platelet aggregation which
allows two complexes, tenase and prothrombinase, to form on the surfaces of the
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activated platelets. Tenase [23], a complex of F-1Xa and F-Vllla, accelerates
activation of F-X (reaction 6) and, consequently, contributes to quicker
generation of thrombin (reaction 3). Prothrombinase [24], a complex of F-Xa and
F-Va, has a similar effect through reaction 4: F-lla is generated more quickly
from F-I1 (prothrombin) in the presence of prothrombinase. F-lla generated
through these acceleration mechanisms contributes to activation of still more
platelets.

Reaction 13
Reaction 10

Reactions 6 and 3 @ L FVilla
‘ F-lla ‘ Reaction 4 : 5

on activated platelet membranes
Q Q
o L
-
™>A2 |— o & =
platelet activation

Figure 2: Acceleration mechanisms via tenase and prothrombinase.

Not only F-lla but also ADP (adenosine diphosphate) and TXA2
(thromboxane A2) can activate platelets. When ADP or TXA2 is released into
plasma for some reason, the acceleration mechanisms explained above have a
stronger effect. In fact, this can happen in intra-aneurysmal flow.

Figure 3 shows velocity vectors in a model aneurysm investigated by
Shimano et al. [12]. It can be seen in the figure that the incoming flow
approaching the entrance to the aneurysm hits the edge of the aneurysmal neck.

it
:iff\]\\K\%&/\/

Figure 3:  Velocity vectors on the central cross section of a model aneurysm
at the systole calculated by Shimano et al. [12].
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RBCs and platelets receive shearing force due to a large velocity gradient near
the impingement point. A level of the shear stress reaches approximately 10
times as high as that exerted on normal artery walls. Such mechanical stimuli can
cause escape of cell contents including ADP and TXA2 into the surrounding
plasma. It can be concluded that intra-aneurysmal coagulation tends to be
quicker than pure venous coagulation due to ADP and TXAZ2 originating from
RBCs and platelets.

The acceleration mechanisms related to F-l1la are considered in the present
coagulation model. However, the effect of ADP or TXA2 is not included
because a reference experiment [13] used here was carried out with whole blood
free from strong shearing force.

3 Modelling of coagulation initiated by EE-I1X

3.1 Approach

When an enzyme acts on a substrate, the product is generated with concentration
of the enzyme unchanged. The reaction rate is expressed by Michaelis-Menten
kinetics. The rate of change in concentration of the product is written in the
following form:

%:kc [EI[S] 1)
where [P], [E] and [S] are concentrations of the product, enzyme and substrate,
respectively, and k. is the reaction rate constant. The term on the left hand side of
eqn (1) represents the rate of increase in [P], which is identical to the rate of
decrease in [S].

Anticoagulants form complexes by trapping some coagulation factors which
are, consequently, prevented from being activated. The process of the complex
formation is reversible: the complexes decompose at the same time. These two-
way reactions can also be described by multiplying the corresponding reaction
rate constant to the product of the reactant concentrations.

By applying the strategy explained above, a system of ordinary differential
equations is obtained for concentrations of all the substances shown in Fig. 1.
However, the equations are not solved one by one. For the sake of reduction in
computational cost, the reactions are divided into groups and those in each group
are treated as a whole with a combined reaction rate considered.

Strictly, it is impossible to define concentration for EE-1X because it is on
RBC membranes. In this study, equivalent concentration is calculated for EE-1X
from haematocrit.

3.2 Reaction rate constants

Reaction rate constants are listed in Table 1 for all the reaction groups.
Combined reaction rates for groups G-L are evaluated by Lineweaver-Burk plot
from rate constants of individual reactions, which are cited from Hockin et
al. [25] and Jones et al. [26].
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Table 1: Grouping of reactions and corresponding reaction rate constants.
Reaction IDs are the same as in Fig. 1. LB stands for Lineweaver-
Burk.
Group Reaction IDs Reaction rate Method of
constant evaluation
A 1 5.0x10% Ms | Ref. to experiment
B 14, 15, 16 2.5x10° M’s™ | Ref. to experiment
C 12,25 0 M7s? | Ref. to experiment
D 13,25 9.0x10* Ms™ | Ref. to experiment
E 10, 24 7.1x102 M5 | Ref. to experiment
F 11, 24 0 M?s? | Ref. to experiment
G 2,21,22 8.5x102 M's? | LB plot
H 5,21, 22 8.5x10° Ms? | LB plot
| 6, 21,22 9.3x10” Ms? | LB plot
J 3,23 6.3x10° M's™ | LB plot
K 4,23 1.4x10° M's* | LB plot
L 7,8,9,17,18,19,20 | 1.7x10* M's* | LB plot

Group A represents the initiation of the coagulation cascade. No quantitative
information about the reaction rate constant of F-1X activation by EE-IX has
been reported. The authors, therefore, referred to an experimental result of Iwata
et al. [13] to determine it. In their experiment, change in a logarithmic damping
factor (LDF), which represents change in blood viscosity, was measured by a
damped oscillation rheometer. It was assumed that the initial and final values of
LDF obtained in the experiment corresponded to 0 and 100% concentrations of
fibrin, respectively, and that a linear mapping between LDF and fibrin
concentration was applicable. lwata’s experimental result is shown in Fig. 4 with
a dashed line. Here, a concentration of 100% indicates the state that all
fibrinogen (F-I) contained in plasma (7uM) has become fibrin (F-1a).

There are some anticoagulants of which quantitative information has not been
fully elucidated, i.e. PC, PS and TM. Exclusion of these anticoagulants from the
model would result in inaccurate computation with too quick generation of fibrin
because they play an important role in retarding the acceleration mechanisms.
For compensation of this, the combined rate constants of the groups (C-F), in
which these anticoagulants are involved, are determined by trial-and-error with
reference to lwata’s experiment.

Groups C and D represent acceleration through prothrombinase: F-V is
activated by F-Xa in group C and by F-lla in D. It was found that change in the
constant for group C does not cause any significant change in the computational
result. This is presumably because F-11a has a much stronger effect on activation
of F-V than F-Xa. It is, therefore, assumed that the contribution of group C is
negligible. For exactly the same reason, group F is also neglected.

Reaction 16 producing insoluble fibrin (F-la) is a cross-linking reaction for
which egn (1) cannot account. Thus, this reaction is put into group B together
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with reactions 14 and 15, and a combined reaction rate for group B is evaluated
in the same manner as groups A and C-F.

The shape of the fibrin concentration curve (the dashed line in Fig. 4) is
characterised by (a) the temporal point of the initial rise, (b) the high rate of
increase and (c) the temporal point of the convergence. Groups A and B are
mainly responsible for (a) and (c) respectively, while (c) is sensitive to choices
of the rate constants for groups D and E. In other words, there are only weak
interactions among the groups of which rate constants are determined from the
experimental result. The trial-and-error process on each group was, therefore,
able to be conducted almost independently.

100

e fibrin (model) Y/

80

- = = fibrin (experiment)
------ thrombin (model) : I,
60 :' a
40 :: (]
: 1
R 4
20 :

0 10 20 30 40 50 60

Percentage of concentration [%]

Time [min]

Figure 4: Histories of fibrin (F-la) and thrombin (F-11a) concentrations. Each
concentration is expressed as a percentage to the initial
concentration of the substrate.

4 Results and discussion

The model equations were numerically solved by an explicit time-marching
scheme. Time-step At was as small as 0.001s and no At-dependency of the
computational result was observed when compared with At =0.0005.
Computation was carried out up to 60 minutes (3.6 million time-steps).

EE-IX exists on RBC membranes, not in plasma. Thus, a quantity equivalent
to EE-IX concentration is considered. The initial equivalent concentration was
calculated with an assumption of 40% haematocrit. Concentrations of the other
substances in normal plasma were used as the initial conditions.

Temporal change in fibrin (F-la) and thrombin (F-lla) concentrations
calculated with the present model are shown in Fig. 4 alongside the experimental
result by Iwata et al. [13]. Each concentration is expressed as a percentage to the
initial concentration of the corresponding substrate: 100% means a state that the
substrate has completely transformed to the product.
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The initial rise in fibrin concentration is observed at approx. 25 minutes in
both computational and experimental results. This is a natural result because the
reaction rate constant of EE-1X was determined so that the timing of the initial
rise could be precisely reproduced.

Although fibrin is generated even before 25 minutes, the order of magnitude
of fibrin concentration is so small that any increase cannot be seen in Fig. 4
during that period. Hence, t=25 min. is regarded as a temporal point when the
degree of fibrin generation reaches a perceivable level. Reactions 1 and 2 are
responsible for this extremely slow progress in the early stage. However, once a
significant amount of thrombin (F-11a) has been generated, the feedback and
acceleration mechanisms causes a “chain reaction” and results in rapid
generation of fibrin (F-1a). It is clearly seen in Fig. 4 that a sharp rise in thrombin
(F-11a) concentration is immediately followed by a rapid increase in fibrin
concentration.

A fairly good agreement on the fibrin concentration between the experiment
and simulation is observed throughout the coagulation process although minor
gaps in gradient appear immediately after the initial rise and before the
convergence. These differences in gradient can be attributed to the
approximation made in the grouping.

As discussed in the last paragraph of the previous chapter, the fibrin
concentration curve is characterised by (a) the temporal point of the initial rise,
(b) the high rate of increase and (c) the temporal point of the convergence. All
these features can be explained in connection with properties of blood and the
related reactions: activation of F-IX by EE-IX is greatly responsible for (a), a
balance between the acceleration mechanisms and inhibition by anticoagulants
accounts for (b), and the degree of the cross-linking reaction from soluble to
insoluble fibrin is correlated to (c). Therefore, determination of reaction rate
constants by trial-and-error in this study is not a mere fitting to the experimental
result but a biochemically meaningful evaluation. For example, the present
model could adapt to blood with a higher haematocrit by choosing a larger value
for group A’s reaction rate constant. For blood with weaker anticoagulants,
larger reaction rate constants would be given to groups D and E.

The grouping strategy enables reduction in computational cost: it is expected
that the computational time would almost double for a coagulation model with a
one-by-one treatment of all the substrates and anticoagulants. It can be concluded
that a good balance of computational cost and accuracy is realised with the
present coagulation model.

The computational result produced by the present coagulation model reflects
the effect of platelets activated by F-lla (thrombin) but not that of platelets
activated by ADP or TXAZ2 because the model is based on an in-vitro experiment
with whole blood free from strong shearing force. When the model is applied to
real cerebral aneurysms, contributions of ADP and TXA2 to the acceleration
mechanisms should be taken into consideration.
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5 Conclusion

Considering past studies which suggest a correlation of thrombus formation with
rupture of intracranial aneurysms, the authors developed a mathematical model
which describes coagulation in cerebral aneurysms. Reaction rate constants were
determined by trial-and-error so that the model could reproduce the same rate of
fibrin generation as in a reference experiment. Reduction in the computational
cost was also achieved by combining several chemical reactions. Although
further studies are necessary for modelling of the effect of ADP and TXA2
originating from RBCs and platelets, the present coagulation model is expected
to provide useful insights into thrombus formation in cerebral aneurysms when
applied to intra-aneurysmal blood flow.
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