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Abstract

This paper is mainly concerned with the investigation of the second order
wave loading on offshore structures. The diffraction theory of hydrodynam-
ics is used to predict the wave loading. Lighthill's[2] second order theory has
been extended to include the investigation to the shallow water case. Wave
forces on cylindrical structures are calculated using LighthilPs theory, and
the numerical results are compared with the available experimental data. The
present theory encompasses the entire spectrum of ocean waves, from deep to
shallow water cases, and makes a significant step forward for determining the
wave loads on submerged structures.

1 Introduction

The problems of hydrodynamic waves and wave loading estimation for off-
shore structures have received considerable mathematical and engineering
attention due to their many practical applications to ocean engineering. The
United States Commission on Marine Science and Engineering Resources
has predicted that underwater structures will be built at an increasing rate in
the near future. In Canada, such structures will be built in connection with
the recovery and production of oil and gas. Therefore, it is necessary to be
able to accurately predict forces on submerged structures; this will enable the
dynamic characteristics of these structures to be determined.

The wave loading estimations for offshore structures are based on
the well-known "Morison Equation", which involves both drag and inertia
forces. Morison et al[3] presented an equation for calculating the total force
on an object under the influence of gravity waves. The equation expresses the
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236 Advances in Fluid Mechanics III

total hydrodynamic drag D as a sum of an inertia force, pCwVU with
CM = 1 + ̂ y- where M* is the virtual mass of the body, associated with

the irrotational flow component, and the viscous drag force \pCoAU*, re-
lated to the vortex-flow component. The two characteristics of the Morison
equation are the inertia force, which is linear in velocity C7, and the drag
force, which is nonlinear in velocity U.

The present paper is mainly concerned with the investigation of the
nonlinear wave loading on offshore structures using the diffraction theory of
hydrodynamics. It extends LighthilPs second-order theory, which is appli-
cable only to deep ocean waves, to the cases of finite depth waves. All linear
and nonlinear wave loadings on vertical piles immersed partially in an ocean
of arbitrary uniform depth are calculated explicitly. It is demonstrated in
this paper that all nonlinear boundary conditions including the radiation
condition are satisfied by the scattered velocity potential, a considerable im-
provement over previous theories. Comparison is made between the linear
and nonlinear forces. The results are presented such that the deep ocean
case considered by Lighthill becomes a limiting case of the analysis. The
present theory covers the entire spectrum of ocean waves, from the deep to
shallow water cases, and makes a significant step forward in the evaluation
of nonlinear wave loadings on submerged structures.

2 Mathematical analysis

We know that the irrotational fluid flow pressure distribution can be ob-
tained from Bernoulli's equation, which is

We can define the following three pressure distribution from equation (1):

I. The hydrostatic pressure distribution, which is given by

fb-pgz , (2)

at height z above the level z = 0, where the hydrostatic pressure is Po-

ll. The dynamic pressure distribution of Bernoulli, given by

\pW*-t), (3)Z

at a point where the fluid speed is q, and U is defined in the next paragraph.

III. The transient pressure distribution, given by
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Advances in Fluid Mechanics III 237

There is a certain resultant force with which each of these pressure distri-
butions acts on a body in a stream of homogeneous fluid of variable speed
U. U is simply the fluctuating fluid velocity that would be found where the
body is if the body were absent. At the surface z = r/, equation (1) takes
the following form

= 0 , at z = r,. (5)

Retaining up to the second-order term in the variable <f> in equation (5), we
obtain

&4> d* d

a?+»& = -«

Equation (6) was obtained by Lighthill.

3 Second order wave loading

Lighthill in 1979 demonstrated that a second-order contribution to the ir-
rotational flow loading on a structural component consists of the resultant
force Fd of the dynamic pressure (II) associated with the linear velocity
potential fa. This can be written as an integral, namely

_ /" 1 2

Js2

over the surface of the body, where n* is the direction cosine between the
outward normal and the direction of the force component Fd being deter-
mined.

Another second-order force is associated with the linear velocity poten-
tial if the structural component penetrates the surface. The whole addi-
tional second-order horizontal x-component of force acting at the waterline
w can be written as

F» = 4 -r-

where the integrand is the horizontally resolved force per unit length acting
at the waterline, and the integral gives its resultant in the x-direction.

Following Lighthill's technique, the quadratic potential, ̂, is uniquely
determined as the potential of the linearized wave motion generated in the
presence of the stationary structure due to a fluctuating pressure distribu-
tion

kh - l)(k<t>i)*] (9)
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238 Advances in Fluid Mechanics III

applied at the surface.
Expression (9) reduces to LighthilTs expression (7) for deep water case

(note that limfch-»oo tanh kh ~ I.).
Thus, the quadratic force Fq takes the integral form

F, = - / Wp[(V<ln)* 4- 5 (tanh* kh - l)(kh)*]dS (10)
7s *

Here, W represents the vertical velocity distribution and dS is an elementary
area of the free surface S. This result is obtained by using Green's theorem
together with a proper application of the radiation condition to the velocity

fields.
The linear-diffraction theory yields the potential function 0/, from which

a force F\ may be computed by linear analysis. By adding to F/, three more
terms Fd,F«,, and Fg, given by (7), (8), and (10), more accurate values of
the horizontal x-component of the force can be obtained. The total fore
exerted on the body F and the moment of this force M in vector notation
are then given by

F(t) = - f PfldS (11)
Js

M(t) = - f P(rxn)dS (12)
Js

where ft is the outward normal vector on 5, P is the pressure and f is

the vector from the point about which moments are taken.

4 Calculation of Fq in finite water depth

Putting

(13)

and

<& = /k[$,e*"] (14)

we obtain the equation

(15)
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Advances in Fluid Mechanics III 239

with K = ^p. Now, let the potential due to a unit translation

oscillation of the body be

Then, on the body surface 5,

(16,

where 7%% is the z-component of a unit inward normal to 5. Also,

- KV)_o = 0 , (17)
oz

and, like (&%, ̂  satisfies the radiation condition.
This allows us to apply Green's theorem, which gives

taken over the boundaries of the fluid (5 and 2 = 0). Here, n is
a normal outward from the fluid.

Since $^ and ty both satisfy Laplace's equation, we have

. (19)
suz=o an on

After performing the indicated integration in equation (19) and
applying the conditions (16) and (17), we can write

,dS. (20)
J Z— 0 C/2 J S

Now, the force Fq can be written as

rds

(21)

and is given by
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240 Advances in Fluid Mechanics III

F, = Re[- f pW{(V<t>if + \(tmtfkh-l)(k<t>i)*}dxdy} (22)
Jz=Q J

Here

W = (̂ )z=o (23)
oz

is the vertical velocity on the free surface associated with the
unit translational oscillation of the body. For deep water waves,
this result reduces to Lighthill's equation (14).

5 Exact calculations for second order wave loads

For a diffracted wave, the total horizontal force, F/, can be ob-
tained from the following formula:

(_<k}r=6(- cos 9) W . (24)
0=o Jz=-h Ul

After inserting the expression for & and performing the indicated
integration, FI can be written as:

tanh khcos(u>t - 0) (25)
Lt

where

= (26)

To calculate the second order contributions Fd ,F^ and Fq, the
calculations are summerized as follows:

The dynamic force, F^ can be evaluated from the following

formula:

(28)
—-h 2
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Now the total dynamic force F</, may be written as

p =
"* >

1(1

^

241

"

x [£j - (-l)'{Cj cos 2ujt - Si sin 2u>t}} (29)

where

T, =

(30)

the Bessel function arguments being kb. The quadratic force
is rewritten as follows

(31)

Invoking the expression for $/ and the expression for (f*)*=o and
after some algebraic reduction, we obtain

F. =

»n) }{ a
sinĥ  /c/i

(̂ay ̂  /eft + sinh «/i cosh «/»

^ K[(rrijb) rrijh -f sinrrijh cos rrijh

where KI is the modified Bessel function of second kind with

order one, and

(32)
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242 Advances in Fluid Mechanics III

Qn(kr) =

6 Results and conclusion

An exact second-order diffraction theory has been developed in
this paper which extends Lighthill's theory for deep water waves
so as to include shallow water waves. The exact expression for
the velocity potential in the case of a surface-piercing circular
cylinder has been used. The theory has been tested by compar-
ison with results of previous theory and experimental data. The
maximum horizontal force is expressed as the average of the ab-
solute values of the maximum positive force and the maximum

negative force.
The present theory differs from that of Rahman and Heaps [4]

in the way in which the quadratic force, Fq, has been obtained.
We have used Green's function formulation, which makes use of
linear velocity potential, contrasting with their approach, which
requires tedious algebraic calculation of the quadratic velocity
potential. It has been found that both theories lead to identical
results. However, the integral representation of the quadratic
force differ slightly in form, which is attributed to the different
theoretical developments. The drift force has been defined as
the sum of the steady state parts of the dynamic and waterline

forces.
Figure 1 gives a plot of CM and 0 as defined in section 6. In

Figure 6, comparison is made between the results of this theory
and the experimental data of Chakrabarti [1]. Again, the present
theory correlates well with the experimental data for the diffrac-
tion parameter kb greater than unity. However, for kb < 1, the
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Advances in Fluid Mechanics III 243

experimental data seem not to correlate well with the theory.
The reason behind this discrepancy cannot be determined with
the present theory and therefore further investigation is warrant-

ed.
We have used the Simpson's integration scheme in evaluating

the double integral in the quadratic force evaluation. The IMSL
library was used in evaluating the Bessel functions of different
orders arising in the integrand. In the numerical calculations it is
found that the r-integrand is highly oscillatory. The integration
has been carried out from the surface of the cylinder over a large
distance, JB, as indicated in the approximate theory for small kb.
Extensive numerical tests indicate that beyond the limiting B,
the contribution of the integral is insignificant.
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Figure 1: Graphs of CM and 2 plotted versus kb
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Figure 2: Comparison of linear and second order wave

forces with experimental data.
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