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Abstract 

The paper introduces sensitivity of a safe ship control to inaccurate data from the 
ARPA anti-collision radar system and to changes of the process control 
parameters. Computer simulations of safe ship’s trajectories are illustrated. 
Sensitivity characteristics of non-cooperative multistage positional game and 
non-cooperative multistep matrix game control algorithms on certain example of 
a navigational situation in the Skagerrak Strait in restricted visibility at sea are 
calculated. 
Keywords: marine navigation, safety at sea, safe ship control, optimal control, 
game control. 

1 Introduction 

The process of handling a ship as a complex dynamic control object depends 
both on the accuracy of details concerning the current navigational situation 
obtained from the Automatic Radar Plotting Aids (ARPA) anti-collision system 
and on the form of the process model used for the control synthesis [1–3]. 
     The ARPA system enables to track automatically at least 20 encountered j 
ships as is shown on Figure 1, determination of their movement parameters 
(speed Vj, course ψj) and elements of approach to the own ship ( j

j DCPAD min  - 

Distance of the Closest Point of Approach, j
j TCPAT min  - Time to the Closest 

Point of Approach) and also the assessment of the collision risk rj [4–6]. 
     The functional scope of a standard ARPA system ends with the trial 
manoeuvre altering the course or the ship’s speed selected by the navigator [7]. 
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Figure 1: Navigational situation of passing of the own ship with j ship 
encountered moving at Vj speed and j course. 

     There are various methods for the avoidance of ships collision. The simplest 
method is determination of the manoeuvre of a change of course or a speed of 
own ship in relation to the most dangerous ship encountered. Most adequate to 
the real character of control process is determination of a game trajectory of the 
ship [8–11]. 

2 Sensitivity of game ship control 

The investigation of sensitivity of the game control makes, for sensitivity 
analysis of the game, the final payment measured as the final deviation of 
d(tk)=dk of the safe game trajectory from the reference trajectory.  
     Taking into consideration the practical application of the game control 
algorithm for the own ship in a collision situation it is recommended to perform 
the analysis of sensitivity of a safe control with regard to the accuracy degree of 
the information received from the anti-collision ARPA radar system in the 
current approach situation, from one side and also with regard to the changes in 
kinematical and dynamic parameters of the control process from the other side 
[12–15]. 
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     Admissible average errors that can be contributed by sensors of anti-collision 
system can have following values for: 

 radar, 
 bearing: ±0,22o, 
 form of cluster: ±0,05o, 
 form of impulse: ±20 m, 
 margin of antenna drive: ±0,5o, 
 sampling of bearing: ±0,01o, 
 sampling of distance: ±0,01 nm, 

 gyrocompas: ±0,5o, 
 log: ±0,5 kn, 
 GPS: ±15 m. 
     The algebraic sum of all errors, influent on picturing of the navigational 
situation, cannot exceed ±5% or ±3o. 

2.1 Sensitivity of the safe ship control to inaccuracy of information from 
ARPA system 

Let Ij represent such a set of state process control information on the navigational 
situation that: 

 },,,,,{ jjjjj NDVVI   (1) 

Let then e
jI  represent a set of information from ARPA system containing errors 

of measurement and processing parameters: 

   },,,,,{ jjjjjjjjjj
e
j NNDDVVVVIII     (2) 

     Relative measure of sensitivity of the final payment in the game si as a final 
deviation of the ship’s safe trajectory dk from the reference trajectory will be: 
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2.2 Sensitivity of the safe ship control to process parameters alterations 

Let P represent a set of parameters of the state process control: 

 },,,{ VtDtP ksm    (5) 

     Let then eP  represent a set of parameters containing errors of measurement 

and processing parameters: 
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     Relative measure of sensitivity of the final payment in the game sp as a final 
deflection of the ship’s safe trajectory dk from the assumed trajectory will be: 
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where: 
tm - advance time of the manoeuvre with respect to the dynamic properties of the 
own ship, 

kt  - duration of one stage of the ship’s trajectory, 

Ds - safe distance, 
V - reduction of the own ship’s speed for a deflection from the course greater 
than 30o [16]. 

3 Computer support algorithms 

In practice, methods of selecting a manoeuvre assume a form of approximate 
control algorithms supporting navigator’s decision in a collision situation.  

3.1 Non-cooperative multi-stage positional game ncmpg algorithm 

The optimal control of the own ship )(tu0
 , equivalent for the current position 

p(t) to the optimal positional steering )( pu0
 , is determined from the condition: 
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  (9) 

D* refers to the continuous function of the manoeuvring goal of the own ship, 
characterising the distance of the ship at the initial moment t0 to the nearest 
turning point Lk on the reference pr(tk) route of the voyage.  
     Using the function of lp – linear programming from the Optimisation 
Toolbox MATLAB, the positional multi-stage game non-cooperative 
manoeuvring ncmpg program has been designed for the determination of the own 
ship’s safe trajectory in a collision situation [17–19]. 

3.2 Non-cooperative multi-step matrix game ncmmg algorithm 

The dynamic game is reduced to a multi-step matrix game of a j number of 
participants. The matrix game R )],([ 0jj uur  includes the values determined 
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previously on the basis of data taken from an anti-collision system ARPA the 
value a collision risk rj with regard to the determined strategies u0 of the own 
ship and those uj of the j-th encountered objects.  
     The matrix risk contains the same number of columns as the number of own 
ship strategies and the number of lines which correspond to a joint number of j 
met ships strategies. 
     The value of the risk of the collision rj is defined as the reference of the 

current situation of the approach described by the parameters jDmin  and jTmin, to 

the assumed assessment of the situation defined as safe and determined by the 
safe distance of approach Ds and the safe time Ts – which are necessary to 
execute a manoeuvre avoiding a collision with consideration actual distance Dj 
between own ship and encountered j-th ship: 
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where the weight coefficients (w1, w2) are dependent on the state visibility at sea, 
dynamic length and dynamic beam of the ship, kind of water region.  
     The constraints affecting the choice of strategies (u0, uj) are a result of 
International Collision Regulations (COLREG).  
     The problem of determining an optimal strategy may be reduced to the task of 
solving dual linear programming problem. Mixed strategy components express 
the distribution of probability ),( 0jj uup  of using pure strategies by the players.  

     As a result of using the following form for the control goal: 

 
j

uu
rJ

j0

maxmin*    (11) 

the probability matrix P=[pj (uj, u0)] of using particular pure strategies may be 
obtained.  
     Using the function of lp – linear programming from the Optimisation 
Toolbox MATLAB, the matrix multi-step game manoeuvring ncmmg program 
has been designed for the determination of the own ship’s safe trajectory in a 
collision situation [20, 21]. 

4 The calculation of sensitivity characteristics 

4.1 Computer simulation of safe ship’s trajectories 

Computer simulation of ncmpg and ncmmg algorithms, as a computer software 
supporting the navigator manoeuvring decision, were carried out on an example 
of a real navigational situation of passing j=17 encountered ships in restricted 
visibility when Ds=1 nm (nautical mile). The situations were registered in the 
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Skagerrak Strait on board r/v HORYZONT II, a research and training vessel of 
the Gdynia Maritime University, on the radar screen of the ARPA anti-collision 
system Raytheon (Figs 2 and 3). 
 
 

 

Figure 2: The place of identification of navigational situations in the 
Skagerrak Strait. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: The 12 minute speed vectors of the own ship and 17 encountered 
ships in a situation occurring in the Skagerrak Strait. 
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4.2 Sensitivity characteristics of ncmpg algorithm 

Computer simulation of ncmpg algorithm was carried out in Matlab/Simulink 
software (Fig. 4). In addition, sensitivity characteristics (Fig. 5) for the changes 
of the values were determined: 
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Figure 4: Safe trajectory of the own ship for ncmpg algorithm, d(tk)=6.06 nm. 

 

4.3 Sensitivity characteristics of ncmmg algorithm 

Computer simulation of ncmmg algorithm was carried out in Matlab/Simulink 
software (Fig. 6). In addition, sensitivity characteristics for changes of the values 
j and P were determined (Fig. 7). 
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Figure 5: Sensitivity characteristics of the safe ship control according to 
ncmpg algorithm. 
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Figure 6: Safe trajectory of the own ship for ncmmg algorithm,  
d(tk)=7.59 nm. 

 

Figure 7: Sensitivity characteristics of the safe ship control according to 
ncmmg algorithm. 
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Figure 7: Continued. 

5 Conclusion 

Application of simplified models of the dynamic game of process to synthesis of 
the optimal control allows the determination of the own ship safe trajectory in a 
situations of passing a greater number of encountered ships as a certain sequence 
of the course and the speed manoeuvres.  
     Developed algorithms also take into consideration the COLREGS Rules and 
the advance time of the manoeuvre approximating ship’s dynamic properties and 
evaluates the final deviation of the real trajectory from reference value. 
     Sensitivity of the final game payment: 
 is the least for changes of the duration of one stage trajectory and for 

changes of the advance time manoeuvre, 
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 is the greatest for changes of the own and met ships speeds and courses, 
 grows with the degree of the ships cooperation for the purpose of avoiding 

of collision,  
 grows with the number of meeting ships and with the quantity of admissible 

strategies for own ship and passing ships. 
     The considered control algorithms are, in a certain sense, formal models of 
the thinking process of a navigator steering the ship’s movement and making up 
manoeuvring decisions.  
     Therefore they may be applied in the construction of a new model of ARPA 
system containing a computer supporting the navigator’s decision making. 
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