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Abstract 

This paper presents a numerical optimization method for shape design to 
improve the strength of thin-walled structures.  A solution to maximum stress 
minimization problems subject to a volume constraint is proposed.  With this 
solution, the optimal shape is obtained without any parameterization of the 
design variables for shape definition.  It is assumed that the design domain is 
varied in the in-plane direction to maintain the curvatures of the initial shape.  
The problem is formulated as a non-parametric shape optimization problem. The 
shape gradient function is theoretically derived using the Lagrange multiplier 
method and the adjoint variable method. The traction method, which was 
proposed as a gradient method in Hilbert space, is applied to determine the 
smooth domain variation that minimizes the objective functional.  The calculated 
results show the effectiveness and practical utility of the proposed solution in 
solving minmax shape optimization problems for the design of thin-walled 
structures under a strength criterion. 
Keywords: shell, shape optimization, traction method, structural optimization, 
optimal shape, non-parametric optimisation, minmax, adjoint variable. 

1 Introduction 

Thin-walled structures such as plates and shells are characterized by their ability 
to efficiently bear externally applied forces by means of the resultant membrane 
stress and bending stress. One can find many examples of such structures in the 
natural world, including leaves, seashells, eggshells and beetle shells, among 
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others. In addition, such structures are also widely used as the basic framework 
of man-made artifacts such as automobile bodies, architectural structures and 
containers. While lightweight structures can be designed that take advantage of 
the features of thin-walled structures, assurance of the requirements concerning 
rigidity, vibration and strength is an essential design condition. Various methods 
can be used for reinforcing thin-walled structures such as by applying ribs, the 
overlapping of plates and shape modification. From the standpoint of design, the 
most desirable method is shape optimization because the application of ribs or 
the overlapping of structures is apt to result in weight increases or a decline in 
strength due to welding.  
     We previously proposed a shape optimization solution for the rigidity and 
natural vibration issues inherent in thin-walled structures [1,2]. This paper 
presents a solution to strength problems involving the minimization of maximum 
stress.  The design variables that determine the shapes of thin-walled structures 
can vary in the in-plane direction and/or the out-of-plane direction. In this work, 
however, it was assumed that the domain boundaries varied in the in-plane 
direction so as to maintain the curvatures of the initial shape. This assumption is 
frequently encountered in the final design stage, and the method proposed here is 
especially effective at that stage of the design process. 
     In the case of minmax problems where maximum stress is the objective 
functional, a singularity issue occurs because the objective functional becomes a 
delta function. That issue was avoided here by transforming the local measure to 
an integral functional. The minmax problem considered was formulated as a 
non-parametric, or distributed parameter, shape optimization problem with a 
volume constraint. The sensitivity function, i.e., the shape gradient function, was 
theoretically derived using the Lagrange multiplier method, the material 
derivative method and the adjoint variable method. The optimal shape was then 
found using the traction method [3], a shape optimization method developed by 
the authors that does not require parameterization of the design variables. The 
effectiveness and practical utility of the proposed method were verified by 
applying it to basic examples of shape optimization problems and an actual 
automotive part. 

2 Variational equation for thin-walled structures 

Consider that a shell structure is a set of piecewise flat shell elements occupying 
a bounded domain 3Ω ⊂ \  as shown in Fig. 1 and eqn. (1) below. For 
simplicity, flat shell elements are used for discretizing the domain. The Mindlin-
Reissner plate theory is applied as the theory concerning plate bending, and 
coupling of the membrane stiffness and bending stiffness is ignored. 
 

{ }1 2 3 1 2 3( , , ) | ( , ) , ( / 2, / 2)x x x x x A x h hΩ = ∈ ∈ ⊂ ∈ −3 2\ \           (1) 
 

where S denotes the boundary of the design domain A and h is the plate 
thickness. Additionally, it is assumed that the mapping of the local coordinate 
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system 1 2( , ,0)x x , which gives the position of the midsurface of the plate, to the 
global coordinate system 1 2 3( , , )X X X , i.e.,  

2 3
1 2 1 2 3: ( , , 0) ( , , )x x X X Xφ ∈ ∈\ 6 \  

is piecewise smooth. The displacement expressed by the local coordinates, 
{ } 1,2,3i i
u

=
=u , is considered by dividing it into the displacement in the in-plane 

direction { } 1,2 
uα α =

, and the displacement in the out-of-plane direction 3u . The 
subscripts of the Greek letters are expressed as α = 1, 2, and the tensor subscript 
notation with respect to α = 1, 2 uses a summation convention and a partial 
differential notation ,( ) ( ) /i ix⋅ = ∂ ⋅ ∂  for the spatial coordinates. The Mindlin-
Reissner plate theory posits the following conditions with respect to 
displacement. 
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Figure 1: Geometry of shell and flat shell element. 

1 2 3 0 1 2 3 1 2( , , ) ( , ) ( , )u x x x u x x x x xα α αθ≡ −                           (2) 
    3 1 2 3 1 2( , , ) ( , )u x x x w x x≡                                   (3) 

where { }0 1,2 
u α α =

, w and { } 1,2 
 α α
θ

=
express the in-plane displacement, out-of-

plane displacement and rotational angle of the midsurface of the plate, 
respectively. 
     The boundary conditions shown in Fig. 1 for the shell are defined as follows. 
At the boundary S, the in-plane outward unit normal vector with respect to the 
boundary is expressed as { } 1,2α α

ν
=

=ν  relative to the local coordinate system 

1 2( , )x x  and the unit tangent vector as { }
1,2α α

ν⊥ ⊥

=
=ν . { } 1,2

Nα α =
=N , 

{ } 1,2
Mα α =

=M  and Q denote an in-plane force, a bending force and a shear 
force per unit length at the sub-boundaries in the boundary S, respectively.  q is 
an out-of-plane on the domain A.  Then, assuming the prescribed displacement 
and rotations are zero, the weak form of the equilibrium equation relative to 

0( , , )w U∈u θ  can be expressed as 

0 0 0(( , , ), ( , , )) (( , , )),  a w w l w=u u uθ θ θ  0  ( , , )w U∀ ∈u θ          (4) 
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where ( )i  expresses a variation. U denotes the function space of kinematically 
admissible displacements. In addition, the bilinear expression ( , )a i i　 and the 
linear expression ( )l i　　 are respectively defined as 
 

0 0 ( , ) ( , )(( , , ), ( , , )) { B

A
a w w cαβγδ γ δ α βθ θ= ∫u uθ θ

 
 

                          0( , ) 0( , )+ + ( , )( , )}M Sc u u kc w w dAαβγδ γ δ α β αβ β β α αθ θ− −                       (5) 
 

0 0(( , , )) ( )
A S

l w qwdA N u M Qw dSα α α αθ= + + +∫ ∫u θ                 (6) 

 
where , , , 1,2{ }Bcαβγδ α β γ δ = , , 1,2{ }Scαβ α β =  and , , , 1,2{ }Mcαβγδ α β γ δ =   express an elastic tensor 
with respect to bending, shearing and membrane stress, respectively. The 
notation k denotes a shear correction factor. In addition, , =1,2{ }αβ α βκ  and 

, 1,2{ }αβ α βε =  express the curvatures and the strains by 0 , 1,2{ }u αβ α β = are defined by 
the following expressions.  The total strains are expressed as eqns. (9) and (10). 
 

, , ( , ) 0 0 , 0 , 0( , )
1 1( + ) ,  ( + )
2 2

u u uαβ α β β α α β αβ α β β α α βκ θ θ θ ε= ≡ = ≡        (7)(8) 

 
( , ) 0( , ) 3 ( , ) 3 ( ,3) ,,   ( ) / 2u u x u wαβ α β α β α β α α α αε θ ε θ= = − = = −        (9)(10) 
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Figure 2: In-plane domain variation V. 

3 Formulation and solution of minmax problem under  
strength criterion  

As shown in Fig. 2, consider that a linear shell having an initial domain A and 
boundary S undergoes in-plane domain variation (i.e., the design velocity field) 
V such that its domain and boundary become As and Ss. The domain variation can 
be expressed by a one-parameter family 2 2: ,  0ST s ε≤ ≤\ 6 \  (ε is a small 
integer) of the mapping from 1 2( , )x x A∈  to 1 2( , )s s sx x A∈ . The notation s 
indicates the iteration history of domain variation.  
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     The non-parametric shape optimization problem with the objective of 
minimizing the maximum value of von Mises stress Mσ  on both sides of a shell 
structure can be formulated as shown below, subject to constraints of volume and 
the state equation in eqn. (4). It is assumed that the plate thickness does not vary. 
 

Find    A                                                                 (11) 
( )

,

( )that  minimize    max max
m

M

x A m top bottom
a

xσ
σ∈ =

                               (12) 

 subject to    Eq.(4),                                                       (13) 

     M hdA M
A

(= )z ≤ � .                                       (14) 

where M and �M are the volume and its constraint value and aσ is a constant for 
the purpose of normalization.  Mσ  is defined as eqn. (15), and calculated by 
using eqns. (9)(10) and the Lame coefficients. 

( ) { }
1

2 2 2 2 2 2
0 11 22 11 22 12 13 23( ( ), ( ), ( )) 3( )M ij x w x xσ σ σ σ σ σ σ σ σ= + − + + +θu           (15) 

 

     The issues of non-differentiability are inherent to stress minmax problems 
because of the singularity of maximum stress, making it theoretically difficult to 
determine directly the sensitivity of the local objective functional in eqn. (12). 
Therefore, the Kreisselmeier–Steinhauser (KS) function [4] is used to transform 
the local objective functional into the following smooth differentiable integral 
functional. When a constant ρ  is sufficiently large, the maximum value can be 
extracted.  In actuality, a value of ρ

 
in a range of 5 to 200 is used.  

( ) ( )

,

( ) 1max max   ln exp
m mbottom

M M
Ax A m top bottom m topa a

x dAσ σ
ρ

σ ρ σ∈ = =

   ⇒   
   
∑∫              (16) 

     Letting 0( , , )wu θ and Λ  denote the Lagrange multipliers of the state 
equation and volume constraint, respectively, the Lagrangian functional L for 
this problem can be expressed as 

( )

0 0
1( , , , , )  ln { exp( )}

m
M

A
m a

L w w dAσ
, ρ

ρ σ
Λ = ∑∫u uθ, θ  

0 0 0
ˆ (( , , )) (( , , ), ( , , )) ( )l w a w w M M+ − +Λ −u u uθ θ θ              (17) 

     For simplicity, it is assumed that the boundary on which the load acts does 
not vary in the normal direction and that the domain on which the out-of-plane 
force q acts does not vary.  Then, the material derivative �L with respect to the 
domain variation of the Lagrangian functional can be expressed as  

( )

0 0 0
1 exp (( , , ), ( , , ))+ (( , , ))

m
M M

ijA
ma a ij

L dA a w w l w
B

σ σ
ρ σ

σ σ σ
  ∂ ′ ′ ′ ′ ′ ′ ′= −  ∂ 

∑∫� θ θ θu u u
 

0 0
ˆ(( , , ), ( , , )) ( ) ,   

S
a w w M M GV ds Cν Θ′ ′ ′ ′− + Λ − + ∈∫u u Vθ θ           (18) 

( )exp(( / ) )m
M aA

m
B dAσ σ ρ= ∑∫                               (19) 
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( , ) ( , ) 0( , ) 0( , ) , ,( )( )B M SG c c u u kc w wαβγδ γ δ α β αβγδ γ δ α β αβ β β α αθ θ θ θ= − − − − −
 

( )1 exp( )
m

M

m aB
σ

ρ
ρ σ

+ + Λ∑                                 (20)  

where 1( ) / ( ( )),  s s sx T s T x x A−= ∂ ∂ ∈V is the velocity field in relation to the 
domain variation s.  i iV Vν ν= . The notation ( )′ is the shape derivative and 
( )� is the material derivative [5].  CΘ  is the suitably smooth function space that 
satisfies the constraints of domain variation. G is called the shape gradient 
density function. 
     The optimality conditions of the Lagrangian functional L with respect to 

0( , , )wu θ , 0( , , )w θu  and Λ are expressed as shown below.   

0 0 0 0(( , , ), ( , , ))= (( , , )), ( , , )a w w l w w U′ ′ ′ ′ ′ ′ ′ ′ ′∀ ∈u u u uθ θ θ θ             (21) 
( )

0 0
1(( , , ), ( , , ))= exp ,

m
M M

ijA
ma a ij

a w w dA
B

σ σ
ρ σ

σ σ σ
  ∂′ ′ ′ ′  ∂ 

∑∫θ θu u  

0( , , )w U′ ′ ′∀ ∈u θ                                             (22) 

                                                                                                                 (23) 
(24) 

0Λ ≥                                                       (25) 
     By substituting 0( , , )wu θ , 0( , , )w θu  and Λ determined by the state equation 
(eqn. (21)), the adjoint equation (eqn. (22)) and eqns. (23)-(25) into eqn. (18), the 
material derivative L�  can be expressed as the dot product of the shape gradient 
function G and the design velocity field V as shown in eqn. (26). Considering 

33 0σ = , the adjoint equation can be solved by applying the distributed initial 

strain tensor 
( )1 exp
m

M M

ma a ijB
σ σ

ρ
σ σ σ
   ∂ 
   ∂   

∑
 
in the domain as an external force. 

( )
s

G i iS
L l GV dΓ= ≡ ∫� V                                   (26) 

The shape gradient function G can be expressed as shown below. 

( , ) ( , ) 0( , ) 0( , ) , ,[ ( )( )B M Sc c u u kc w wαβγδ γ δ α β αβγδ γ δ α β αβ β β α αθ θ θ θ= − − − − −G
 

( )1 exp( ) ]
m

M

m aB
σ

ρ
ρ σ

+ + Λ∑ ν                                      (27) 

Since the shape gradient function has been derived, the traction method can be 
applied. 

4 Traction method 

The traction method is a gradient method in Hilbert space [3]. With the traction 
method, the domain variation (i.e., design velocity field V) is found as a 

ˆ( )=0 M MΛ −
ˆ 0  M M− =
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displacement field when a negative shape gradient function –G acts as a 
distributed traction force on the design boundaries that allow domain variation 
under a shape constraint condition in a pseudo-elastic problem. The governing 
equation for applying the traction method to thin-walled structures considered 
here is given as the expression noted below.  Equation (28) can be solved by a 
standard finite element analysis. We call this calculation the velocity analysis. 

0 0 0( , ) ( ),     Ga l CΘ= − ∀ ∈V y y y                            (28) 

In order to maintain the curvatures of the initial shape, we constrain the variation 
in the normal direction to the shell surface. By repeating the stress, the velocity 
analysis and the updating of the shape, the objective functional is minimized, 
resulting in the optimized shape.  

5 Results of numerical calculations 

To confirm the validity of the proposed method, it was applied to two simple 
design problems and to an actual automotive part. 

5.1 Shell with hole 

The shape of a round hole in the center of a shell was optimized. One end of the 
shell was clamped and a downward distributed load was applied to the other end. 
The boundary conditions of the stress analysis and of the velocity analysis are 
shown in Fig. 3-(a) and (b), respectively. A constant volume constraint was 
applied. The initial shape and the optimized shape are shown respectively in Fig. 
4-(a) and (b). It is seen that the round hole changed to a smooth optimal shape 
while maintaining the initial curvature of the shell. Figure 5 shows iteration 
histories of the volume and objective functional (eqn. (16)) in the optimization 
process and of the maximum von Mises stress. The values have been normalized 
to the values of the initial shape. It is clear from the results that the objective 
functional and the maximum von Mises stress were minimized while satisfying 
the volume constraint. The objective functional was reduced by 8% and the 
maximum stress by 9%. 

5.2 Plate with holes 

The shape of a cantilever plate with three round holes was optimized as shown in 
Fig. 6. One end of the plate was clamped and a perpendicular load was applied to 
the boundary at the other end.  In Case 1, design boundaries were defined at the 
two outer sides of the plate and the shape of the round holes was not changed. In 
Case 2, the boundaries of the three holes were set as the design boundaries and 
the outer shape of the plate was not changed. A constant volume was applied as 
the constraint value.  The optimized shapes obtained in Case 1 and Case 2 are 
shown in Fig. 7-(a) and (b), respectively. It is seen that a smooth converged 
shape was obtained in each case. In both cases, the objective functional 
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decreased monotonically while satisfying the constraint condition. The 
maximum stress was reduced by approximately 53% in Case 1 and by 
approximately 55% in Case 2. 
 

(a) Stress Analysis (b) Velocity Analysis 

Clamped 

Constraintq 

Design boundary 

 
Figure 3: Boundary conditions for shape optimization of shell with hole. 

(a) Initial (b) Final 
 

Figure 4: Calculated results for shell with hole. 

 

Figure 5: Iteration histories of shell with hole. 
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(a) Stress Analysis

Clamped 
Design boundary (Case 1) 

Design boundary (Case 2) 

q 

(b) Velocity Analysis  

Figure 6: Boundary conditions for optimization of plate with holes. 

 

(a) Case 1 (Edge design) (b) Case 2 (Hole design)  

Figure 7: Calculated results for plate with holes. 
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Figure 8: Boundary condition for shape optimization of suspension part. 

 

(b) Final(a) Initial  

Figure 9: Calculated results for suspension part. 
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5.3 Application to a suspension part 

The proposed method was also applied to an actual automotive suspension part 
to verify its validity. Figure 8 shows the initial shape of the suspension part used 
and the design domain (hole shape).  Figure 9-(a) shows the initial part shape and 
Fig. 9-(b) shows the optimized shape obtained. A constant volume constraint was 
also applied in this case. The maximum stress was reduced by approximately 
43% while satisfying the constraint condition. 

6 Conclusion 

This paper has described a solution to shape optimization problems of thin-
walled structures subject to a strength criterion.  The shape optimization method 
proposed here minimizes the maximum von Mises stress under a volume 
constraint while assuming that the curvatures of the initial shape are maintained. 
With this approach, the shape gradient function of the problem is theoretically 
derived, and the traction method is then applied to determine the smooth optimal 
shape. It can be easily implemented without any parameterization of the design 
variables for shape definition. As a result of analyzing the optimal shapes of 
simple design problems and an actual automotive part, it was confirmed that the 
method functioned as intended and produced good shape optimization results, 
the method will especially effective at the final stage of the design process. 
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