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Abstract

Mean profiles of scalar properties close to moving gas—liquid interfaces subjected
to turbulence are quantified using Random Square Waves (RSW). The condition
of stationary turbulent transfer allows reducing the third order nonlinear governing
equation successively to a second order and to a first order equation, which admits
theoretical integration, furnishing the set of solutions analyzed in the present
study. It is shown that different solutions may apply to different parts of the
calculation domain (physical domain). It is also shown that the stationary problem
admits a linear profile close to the gas—liquid interface, while a nonlinear function
describes the mean properties apart from the interface.
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1 Introduction

The transfer of scalar properties through turbulent interfaces is a theme of interest
in different fields of applied sciences. Examples are the gas transfer across air—
water interfaces in geophysical flows as lakes, rivers, estuaries and oceans; or the
transfer of chemical species between phases in unit operations of industrial
procedures, like the manufacture of petrochemicals, the production of
pharmaceuticals, and the sewage treatment. Different aspects of interfacial transfer
may be found in Asher et al. [1], Demars and Manson [2], Nguyen and Tan [3],
Krah [4], among others.
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Due to its complexity, turbulent transfer is the theme of theoretical studies, in
which models for statistical properties are proposed, and evolutions of mean
proprieties in space and time are quantified (see [5], for example). Such proposals
consider the necessary correspondence between predictions and physical reality.
Experiments are thus relevant to consubstantiate theoretical propositions. See for
example [6, 7]. Measurements of scalar variables close to interfaces, under both
the free slip or the no slip condition, are reasonably frequent in the literature,
providing support for conceptual discussions. Examples are found in [8, 9]. The
transfer of scalar properties through turbulent free slip interfaces is studied here.
Because measurements on oxygen transfer were used for comparisons (Janzen
[10]), the discussions consider the concentration of low soluble gases in liquids.

For air—water gas transfer, the LIF methodology (Laser Induced Fluorescence),
presented by Wolff et al. [11], provides detailed mean gas concentration profiles.
But a flattening may occur at interfaces, described by Duke and Hanratty [12] as:
“An unexpected behavior occurs in the region close to the interface, where the
concentration appears constant. This is where one would expect to see the largest
value of the concentration gradient”. Optical effects were suggested as possible
causes of this constancy. Miinsterer et al. [13] mentioned a possible optical
blurring or a real physical effect. Woodrow and Duke [14], assuming the
optical blurring, used a corrective procedure: the largest measured gradient was
selected, and a straight line was drawn for the profile from the point of largest
gradient until the interface. Janzen [10] also used this correction to obtain mean
concentration and fluctuation profiles, which, together with concomitant velocity
values, furnished turbulent mass fluxes (Schulz and Janzen [8], and Janzen et al.
[7]). Falkenroth [15] described details of the mentioned blurring, presenting more
precise techniques for the largest gradient criterion. The interfacial region thus
presents characteristics still not totally explained. Eventual “real flattening” or
“linear extrapolations” still seem to need more detailed attention.

High resolution concomitant measurements of interfacial scalar and velocity
fields remain difficult, and experimental information of higher order statistical
variables is unavailable in the present. Numerical tools are then used, generating
mean profiles and statistical parameters of the variable under study. For example,
Calmet and Magnaudet [16] studied the mass transfer at air—water interfaces for
high Schmidt numbers using a LES (Large Eddy Simulation) scheme, while
Hasegawa and Kasagi [17, 18] quantified the effect of different Schmidt numbers
using a hybrid LES/DNS (Direct Numerical Simulation) scheme. Calmet and
Magnaudet [19] and Magnaudet and Calmet [20] also quantified mass transfer for
several Schmidt numbers, arguing that LES allows using higher Reynolds
numbers. There is no flattening of numerical profiles, that is, no interfacial
blurring is reproduced. Conclusions of numerical studies at air-water interfaces
are used in review texts, such as Ishihara et al. [21].

Classical concepts of statistical turbulence are found in texts like Hinze [22],
Brodkey [23], Monin and Yaglom [24], in which equations of statistical fluid
mechanics and basic solved cases, with their hypotheses, are presented. General
solutions are still not available, and the models are described mentioning their uses
and limits. The hypothesis of Boussinesq, which replaces products of fluctuating
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properties by a gradient of a mean variable multiplying a convenient coefficient
(see [24], for example), is perhaps the most known approximation in this field.
The coefficient is written as a function of the simulated flow. Proposals are
described in Poper [25], for example. The same coefficient may be used for
different products that arise from the statistical procedures, multiplied by
corrective factors. The statistical procedures follow, briefly described, two steps:
1) the set of equations is formed; and 2) additional “a posteriori” equations are
supplied to “close” the set (originally “open”).

For turbulent scalar transport, Schulz and Janzen [8] and Schulz et al. [26, 27]
used a “random square waves” (RSW) methodology, applied to one-dimensional
(1D) mass transport. For this 1D case, four functions were defined to “adjust” a
square random signal to the original turbulent record. Equations were then built
using these “a priori” functions, and all the products of fluctuations are
combinations of them. Using a so called constant “reduction function, «”, the 1D
scalar transport is governed by a non-linear third order differential equation.
Transient cases were studied numerically by Lopes Jr. and Schulz [28] and
Gongalves and Schulz [29], discussing discontinuities of the higher derivatives.

This study furnishes mean scalar profiles at turbulent interfaces for permanent
cases of the 1D RSW equation, using constant “reduction functions”. It allowed:
i) obtaining theoretical solutions for adequate values of the reduction function;
i) showing that the profiles alter for different values of the reduction function.

2  RSW equations for 1D turbulent transfer at interfaces

Schulz et al. [26] proposed eqn (1) for the mean concentration of a scalar, n, at
interfacial regions. n was taken as the gas concentration in water.

(1—2n)} d*n dn +A{—{2An(l—n)+(l_22n)} d’n_

A 2An(1—n)+
{ nd=m 2 dz* dz* d z*?

+K(1—n)[2n(A—l)+l]+{1+2A[A(1—2n)—1]}[ dn Jz} d’n .\ W

2 A dz* dz*?
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*

2
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z*=z/E where z is the axis normal to the interface, and E is the boundary layer
thickness. Schulz et al. [26, 27] used E defined for 0<n<l1, but here it is defined
for 0.01<n<l. x is a nondimensional transfer coefficient. 4=(1-«), where « is the
reduction function, subjected to 0<a<1, and assumed constant for first analyses.
Higher o imply higher diffusive effects, related to the agitation of the liquid.
Numerical solutions for transient cases are found in Schulz et al. [26, 27], Lopes
Jr. and Schulz [28], Gongalves and Schulz [29] and Gongalves [30]. Eqn (2) is an
equivalent integrated second order equation obtained for eqn (1), described by
Souza et al. [31]. Qi is the integration constant. The set d %/dz* 3 d %/dz* 2 dn/dz*,

n is replaced by d*n/dz*?, dn/dz*, n and [ndz*, but eqn (2) is simpler than eqn (1).
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Appendix A shows how eqn (2) is obtained from the original formulation. Eqns
(1) and (2) have at least two elementary solutions, in the form:
n = Constant (3a)
n=-Q.z*%+Q, (3b)
Solution (3a) satisfies eqn (1), and eqn (2) furnishes additional information that
restricts this solution to Constant=1/[2(1-4)]. Solution (3b) satisfies eqn (1) for
A=1/2. In this case, eqn (2) shows that, because for z*=0 we have n=1.0, then
A=1/2 implies in Qs=Q;k, and Q4=1.0. A constant n (eqn 3a) is not viewed as
viable for practical purposes. But the linear profile with negative slope (eqn 3b) is
a usual approximation, being one of the first attempts for interfacial transfers (see
Lewis and Withman [32], for example). As mentioned, also recent studies use such
linear extrapolations close to interfaces (Falkenroth [15]). But it is not realistic to
use it for the whole boundary layer, although numerical solutions of eqn (1) show
this theoretical possibility. Fig. 1, adapted from Schulz ef al. [26] shows the trend
to linear profiles for lower values of z* obtained with eqn (1), and also the
mentioned straight line covering the whole domain.
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Figure 1: n profiles (scalar concentration profiles) for 0.20<4<0.90. 4=0.90 plots
a linear profile for the whole domain. Adapted from Schulz ef al. [26].

Fig. 1 suggests that linear solutions hold close to the interface, while nonlinear
functions hold far from the interface. The permanent case is used here to verify
these trends. First numerical profiles of » comparing eqns (1) and (2) were
presented by Souza et al. [31], and an exhaustive comparison was made by
Gongalves [30], showing similar results and details of both formulations.
Gongalves [30] obtained eqn (4) for the permanent (stationary) case of eqn (2):
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e =—-MAna-n)+a—2m]d2” (4)

dz* 2 dz*?

() is an integration constant. Appendix B shows the derivation of eqn (4). It
admits different forms of integration, one of them given in Gongalves [30], as:

(1_A)[dn +sz| dn A

d _ -4n) -
_"*:_Qz +Q, exp 204 ann] AG-4D -1 (5)
dz AN44% +1 Va4? +1

Q3 is an integration constant. The RSW method thus allowed reducing the 1D
interfacial transport problem to a first order differential equation. In the present
study a second form of integration of eqn (4) was used, as shown in section 3,
leading to a set of explicit solutions for the permanent #n profiles.

3 Solutions for the permanent one-dimensional case

Eqns (3a) and (3b) are of course also solutions of the permanent case given by eqn
(4). Using the constants of the permanent problem, eqn (3b) is replaced by:
n=-Q,z%+Q, (6)

€, is an integration constant. A first nonlinear solution of eqn (5) is:

1 N 1 In exp[0, Atanh(0, —0,n)]-0;
exp[f,Atanh(6, —0,n)]+1 146 exp[0, Atanh(0, —0,n)]+1
=-0,(1+6,)z*+W
4 ( 5 )z )
2(1-4) 24-1

44
=——7-+7—/—=, 0, =—, 0, =————=
1 AV4A4* +1 ’ V44® +1 ’ Va4 +1
W, 6, and O; are integration constants. Eqn (7) is an interesting solution, but
somewhat difficult to analyze for different values of the defined constants.
Intending a more objective discussion, eqn (4) was integrated here furnishing a
simpler form of the first order equation. The modified integration of the second
order equation (4) leads to eqn (8). K is an integration constant. §; are defined in
eqn (7). Eqn (8) implies dn/dz*—0 for n—0, and admits exact solutions. In this
study, exact solutions are shown for /2 = 1, 2, and 'z, corresponding to
A=~0.43099, ~0.30007, and ~0.56900, respectively. Each A leads to a particular
explicit solution. But depending on 4, the governing eqn (8) is only numerically
integrable. Two additional numerical solutions, for 8,/2 =3 and 4 (4~0.23215 and
0.18949, respectively), are also shown.

. O, 02
0,2 —
dn _Kx 1+6, 1+6,n 1 )
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3.1 Solution of eqn (8) for 6i/2=1, or A~0.43099

61/2=1 is the simplest exponent in eqn (8). The solution is given by:

1-6
wt et ()4 T 0,=20000 |ay=— 2 ~0.84587
z*={#}, with <8, ~—0.10454, 21; 9)

& 0, ~13058  |p, =9—21~—1.8107K2

2

T, is an integration constant, and oz and /% are auxiliary constants. The index 2
corresponds to 8,=2. For this value of 8;, n may vary in the whole domain 0<n<I.
Using the boundary conditions: #=0.01 at z*=1; and n=1 at z*=0, it was obtained
that 7>=-1 and K>~2.6980. Fig. 2(a) shows the graph of n. Fig. 2(b) shows that the
modulus of the derivative dn/dz* always decreases with z*.
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Figure 2:  (a) Profile of n (concentration) for 8,=2; (b) Profile of dn/dz*.
3.2 Solution of eqn (8) for 61/2=2, or A~0.30007

The solution for 6,/2=2 is given by eqn (10). Like in the former case, 74 is an
integration constant, and au, [, )4 are auxiliary constants. Again, n may vary in
the whole domain 0<n<1 for 8=4. T, and K, were obtained using n=0.01 at z*=1;
and n=1 at z*=0, leading to 74~-3.3517 and K4~6.6779. Figs. 3(a) and 3(b) show
the profile of n and evolution of dn/dz* with z*, respectively.

2 2
R G2 L DAty S G} 6, = 4.0000
b P , with {6, ~—0.34285,
-7
! 0, ~1.0292 (10)
1-6 1-6; —4K ,6
a, =—=~13048, B, =——~2.5009, 7, = ———= ~ -0.76052K ,
3 - 2‘93 1_02)
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Figure 3: (a) Profile of n (concentration) for 8,=4; (b) dn/dz* with a minimum.

Fig. 3(a) presents an inflexion, represented by the minimum of Fig. 3(b). That
is, the largest concentration gradient (in modulus) does not occur at the interface.
From eqn (8), following condition applies in the case of non-integer exponents
6,/2:

1+6, 44> +1 24-1
<—, or n< +

o, 44 44

In the present case an integer exponent was used, but the minimum of Fig. 3(b)

occurs at n=(1+6,)/5~0,63852, that is, at the equality point of eqn (11).

(11

n

3.3 Solution of eqn (8) for 6i/2=Y%, or A=~0.56900

61/2="> was chosen to verify the behavior of solutions of non-integer exponents.
Now n may not be calculated for the whole domain 0<n<1, because the limit of
eqn (11) applies (to avoid roots of negative values in eqn (8)). The solution and 6,
for the present case are given by eqn (12). 7 is an integration constant, and a1, i,
7 are auxiliary constants. In this case 7 varies in the range 0 <n< [V(44%+1)+24-
11/44 ~ 0.72625 (see eqn 11). The values of 71, Ki, and Z; were obtained using
three boundary conditions: i) n=0.01 at z*=1.0; ii) n = [N(442+1)+24-1]/44 at
z*=Z;; and 1ii) dn/dz¥|ie of 2= dn/dz*|signt of z at z*=Z;. The slope of eqn (12)
at z*=Z7; (right side) was equated to the slope of eqn (6) (left side of z*=Z7;),
because it is a solution of the original eqn (4). The obtained values are: T ~
0.74518; Ki ~ 3.1124, and Z; ~ 0.080276. In eqn (6) Q,~-3.4101. Figs. 4(a) and
4(b) show the obtained results for n and dn/dz*, respectively.

- —a, -2
J1+(B —a)n—a, pn’ - b =a, Asin[ﬂ' d “"8'"}—
a,p a, +f,
—ln[2\/1+(ﬂl —a)n—a,Bin® + (B —al)n+2}+21n(n)+ﬁln—7"l
o= (12)
-7(a, +5)
6, =1.0000 a, =06, /(1+6,) ~1.3769
with {6, ~0.091093, B, =0, /(1-6,) ~1.6529
0, ~1.5024 7, = K[1+6,)/(1-6,)]"* ~1.0957K
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Figure 4: (a) Composed profiles of n (scalar concentration in the flow) for 6=1;
(b) dn/dz* showing the slopes of eqns (6) and (12).

Table 1 reproduces the equations that compose the solution of this case, and
their interval of application for n. Both equations satisfy the governing eqn (4).

Table 1: Equations of n for 6/2=% and 4~0.56900.

Interval of n Equation
4A2+1+2A—1
44 44 n=-Q,z%+1

<n<l

z*¥=
0<n< B -« . B —a,—2a,pn
JI+ (B —a)n—apn* - 1Asm( e 17 J—
\/4A2+1+2A—1 b N o+ p
44 44 —111[2,/1+(/5r,-a{,)n—a,ﬂ,nz+(/3,—fll)wz}len(n)+/7,n-T1
B %l + )

3.4 Joint analysis

Figs. 5(a) and 5(b) show all profiles of n and dn/dz* plotted together, also with
numerical solutions for /2 = 3 and 4, or 4~0.23215 and 0.18949, respectively.
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Figure 5:  (a) Profiles of n (scalar concentration in the flow). The gray cloud
represents experimental data of Janzen [10]; (b) Profiles of dn/dz*.
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Fig. 5 shows that higher 6i/2 impose “low varying” dn/dz* close to the surface
(curves for 6,/2=2, 3, and 4). High 6,/2 (or low A) reflect high diffusion effects,
according to Schulz et al. [26]. For non-integer 6,/2 (exemplified with 6,/2=Y),
dn/dz* at the surface is taken as the slope of the linear solution of the governing
eqn (4). Both behaviors agree with the practical procedure of adopting a linear
profile of the mass concentration close to the surface, but also solutions with
varying dn/dz* were obtained, as shown by the profile for 6,/2=1. All solutions
were obtained for constant values of the reduction function (a=1-A). The
existence of inflection points may be a consequence of using the constant « values.
Eqn (8) leads to solutions compatible with observations. The data of Janzen [10]
superpose better with the curve for 6i/2=1.

4 Conclusions

Theoretical and numerical profiles for scalar variables in interfacial turbulent
gas—liquid transfer were presented. It was found that the slope of the profiles close
to interfaces may decrease continuously (in modulus) or maintain an approximate
constant value, depending on the value of the reduction function « of the RSW
method (replaced by A4 or the equivalent 8,/2 in this study), related to the level of
agitation of the liquid. Integer and non-integer values of /2 may be used. Single
solutions and composition of different solutions of the governing equation were
used to cover the whole boundary layer domain, depending on /2. The solutions
furnished behaviors compatible with measured profiles found in the literature.

Appendix A

RSW eqns (A1), (A2), and (A3), reproduced from eqns (48a, b) and (49) of Schulz
et al. [26], allow obtaining eqn (2) of the text.

1 d’n_d(J¥

l—l’l—;dz*z dz* (Al)

Cn(l—myA? 4 1y +£“’[I‘]*(l_2")]=_—2;1(1—;1)AZL"2 (A2)
dz* 2 dz* K dz*

%= n(l=n) A w* /[YE\/n(l —n)+B(-B) 2B ~1) } (A3)

The integration of eqn (A1) produces eqn (A4). Combining it algebraically with
eqns (A1) and (A2) leads to eqn (AS5), which is eqn (2) of the text.

L

Kkdz*

—z*+[ndz*+C (A4)
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A=) An 4 2 LA *4 [ ndz*+C |(1-
2 Kdz

(A5)
d’n

-4
=——1[4A4An(1-n)+1-2n
S 4dn(=m)+1-20) =

C is an integration constant. IJ* is related to w2, the rms velocity. Y is the
scalar transfer coefficient. # quantifies the superposition of scalar and velocity
records.

Appendix B

Eqns (A1) and (A2) easily transform to (B1) and (B2) for stationary turbulence
(see Gongalves [30] and Schulz et al. [26]), used to obtain eqn (3) of the text.

1 d’n  d(IJ*

o—Kdz*2 P (B1)
% _ _ 2
yxdn +£d[]J It 2”)]:—2n(1—n)A2 d*n B2)
dz* 2 dz* K d z*?

Integrating eqn (B1) produces eqn (B3). Combining it with eqns (B1) and (B2)
leads to eqn (B4), which is eqn (3). C¢ is an integration constant and Q,=« Co.

J*=(dn/dz*)/ k+Cg (B3)
dn dn -4 d*n
(I—A){dz*+ 2}§=7[4An(l—n)+l—2n]dz*z (B4)
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