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Abstract 

Permeability is one of the most important bulk properties for the characterization 
of fluid flow in porous media. However, despite all the considerable body of 
research work over the past years using experimental, analytical, and numerical 
approaches, its determination is still a challenge. The methodologies, which have 
been used to measure, calculate and predict the permeability of different types of 
porous media, in general, tend to suffer from various levels of limitations in their 
applicability and, moreover, no general correlation for the permeability is 
available. Among the different predictive methods for the permeability, 
numerical pore level fluid flow analyses have been receiving increasing attention 
in the recent years, due to its robustness and flexibility. In this approach, the 
viscous fluid flow is directly simulated in the pores of the porous medium with 
no further modelling required. A simple representation of the pore structure can 
be in the form of the ordered and random packings of spheres, cylinders or 
square obstacles. In the present paper, the main objective is to introduce the 
lattice Boltzmann method (LBM) as a powerful tool for the mesoscopic pore 
level fluid flow simulation in porous media; two and three-dimensional case 
studies are presented to demonstrate the capabilities of the mesoscale modelling 
for porous media fluid flow problems using LBM. To demonstrate an 
approximation to a reconstructed medium, the fluid flow simulation in a 2D 
random arrangement of square obstacles with different aspect ratios is presented. 
Results of the three-dimensional simulations of the fluid flow in ordered 
packings of spheres are also reported; the results are in excellent agreement with 
the available analytical correlation for this configuration.  
Keywords: pore level analysis, permeability prediction, LBM. 
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1 Introductions 

The objective of the present paper is to review the lattice Boltzmann method 
(LBM), as a relatively new particle based method for the viscous fluid flow 
simulation, and to examine its performance when applied to the pore level 
simulation of fluid flow in porous media.  
     The investigation of the fluid flow in porous media at pore level enables the 
researchers to calculate the permeability and other bulk properties of porous 
media without any further modelling. The importance of the permeability is due 
to its role in any macroscopic study of fluid flow in porous media; either using 
the simplest possible model – the Darcy equation [1] or more recent and also 
more complicated, models (e.g. [2]); it is the permeability that characterizes the 
medium and it needs to be specified prior to any macro scale modelling. 
Determination of the permeability is a challenge and despite the considerable 
body of research work, almost all of the proposed correlations tend to suffer 
from various levels of restricted applicability; therefore, no general correlation 
for the permeability is available. 
     Literature dealing with the permeability prediction is vast and a considerable 
number of experimental, analytical and numerical studies have proposed 
different avenues and methodologies to predict the permeability.  
     The experimental approach has been popular among the researchers for years 
and still is one of the widely used methods to study the porous media flow (e.g. 
[3–9]). Jackson and James [10] and Skartsis et al. [11] have collected a 
comprehensive bibliography of the experimental and numerical research work 
conducted in this field.  
     Most of the analytical efforts to predict the permeability consider the porous 
media to be constructed as ordered arrangements of objects of simple 
geometrical shape, and the flow around them is described by a particular 
mathematical formulation. Emersleben in 1925, as reported in [11], was the first 
one who studied the flow parallel to square arrays of cylinders by solving the 
Navier Stokes equations. Larson and Higdon [12, 13] numerically studied the 
axial and transverse flow between square and hexagonal arrays of cylinders 
using the boundary integral method. Keller [14], Sangani and Acrivos [15], 
Drummond and Tahir [16], Higdon and Ford [17] have also considered the 
porous media to be in the form of ordered packing of cylinders with different 
arrangements. 
     Flow in different three-dimensional lattices of spheres was also analytically 
solved by Hasimoto [18] and Sangani and Acrivos [19]. The main shortcoming 
related to these studies is the lack of generality of the proposed correlations due 
to the simplifications introduced in the equations to make them amenable to the 
particular analytical method used. 
     An advanced method for the permeability prediction deals with the numerical 
simulation of the fluid flow in the inter-grain regions and inside the pores of the 
porous medium by solving either the Navier Stokes equations or their equivalent 
forms, such as, the Lattice Boltzmann equation. Then, the permeability of the 
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medium can be calculated using the Darcy law [1] by averaging the local 
velocities over the flow, namely: 

xd
dpu

µ
K

−=
                                          (1) 

where u , K, µ and xddp /  are the volume averaged velocity, permeability 
tensor, fluid viscosity and the applied pressure gradient. 
     The very first requirement in pore level analysis is to determine the grain 
structure and the pore geometry of the porous medium. The computed 
tomography (CT) imaging technique has had some success in the determination 
of pore structures [20, 21]; but, in general, the application of experimental 
imaging methods is costly and has its own limitations. An alternate approach is 
to reconstruct the porous medium by arrangements of the geometrical volumes, 
either orderly or randomly. Due to its simplicity and ability to reconstruct media 
similar to the actual structures, this method has been popular among the 
researchers in this field. 
     Numerically solving the fluid flow in the inter-grain voids, removes the 
limitation of considering simple geometric shapes for the grains; however, it still 
demands very high computational resources to resolve the inter-grain structure 
accurately, which for years had limited the applicability of the numerical 
methods to very simple geometries [22, 23]. In recent years, with the 
development of advanced numerical methods and increased availability of 
computational resources, more complex pore level geometries could be 
implemented. A particular difficulty related to the numerical pore level flow 
simulation approach is the limited applicability of the Navier Stokes equations to 
the micro flows, when local high velocities occur at the narrow pores, which is 
more likely to happen in the low porosity structures with random pore structure. 
The treatment of complex solid wall boundary conditions is also a cumbersome 
task when Navier Stokes equations are used. To overcome these two potential 
shortcomings of the pore level analysis, some novel methods for the fluid flow 
simulation have been proposed, namely: the Lattice Boltzmann Method [24, 25] 
and the Smoothed Particle Hydrodynamic [26, 27]. The main unresolved 
difficulty associated with the SPH method is the exponential computational cost 
with the increasing number of particles, which nearly precludes performing 
physically meaningful three-dimensional simulations. Similar problem was 
encountered with the early versions of the LBM introduced first by McNamara 
and Zanetti [28], but soon after it was removed by Qian et al. [29] and since then 
the LBM has been applied successfully to different problems of flow in porous 
media [30–34]. 
     The present work addresses the LBM pore level fluid flow simulation in 
porous media - one of the earliest and most important fields of research to which 
the LBM has been successfully applied. Simulation results for the flow in two 
and three-dimensional reconstructed porous media are presented and the 
predicted permeability is compared against the available correlations to 
demonstrate the LBM capabilities.  
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2 Lattice Boltzmann method 

Following the notation of Geller et al. [35], the form of the lattice Boltzmann 
equation (LBE) used in the present study can be regarded as the first order 
explicit upwind finite difference discretization of the discrete Boltzmann 
equation, as follows: 
 

( ) ( ) ( )( ) { }bitxftxftttexf iiiii ,0,,, ∈Ω=−++ δδ           (2) 
 

where if  is the particle distribution function, x  and t are the spatial coordinate 
and time, b+1 is the number of the discrete lattice speeds (in the present work, 
nine-speed lattice in 2D and 15-speed lattice in 3D simulations were employed), 
and iΩ is the collision operator, which for the single relaxation time LBE is 
defined as follows: 

( ) ( )( ) { }bitxftxft eq
iii ,0,, ∈−−=Ω

τ
δ                           (3) 

where τ  is the lattice relaxation time and tδ  is the lattice time step, related to 
the lattice length scale, xδ , as txc δδ /= ; in most of the LBM simulations on a 
uniform lattice, including the present work, xδ  and tδ  are considered to be 
equal to one for simplicity. The equilibrium distribution function is the solution 
of the Boltzmann equation in the absence of any external force and zero spatial 
and temporal gradients. 
     Depending on the type of the lattice and number of the speeds, the particle 
distribution function has b+1 components, in the form of 
 

( ) ( ) ( ) ( )[ ]T10 ,,...,,,,, txftxftxftxf bi =                       (4) 
 

     Having calculated the distribution function on each lattice site using eqn (2), 
the average flow hydrodynamic parameters can be calculated as follows: 
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     The kinematic viscosity of the fluid is calculated as a function of the 
relaxation time and the lattice time step as: 







 −=
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and the relation between the lattice sound speed and the pressure is as follows 
2
scp ρ=      (8) 

where sc  is the lattice sound speed and is equal to 3/c .  One of the main 
advantages of using the LBM is the easy implementation of the solid wall 
boundary condition, which in the present study was implemented by using the 
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simple bounceback method [24] for both the two and three-dimensional 
simulations. The applied pressure gradient was treated as a uniform body force, 
which was added to the right hand side of eqn (2) at each time step on all the 
fluid nodes.  

3 Results 

A simple representation of the pore structure can be in the form of the ordered or 
random packings of spheres, cylinders or square obstacles. As a first 
approximation for a reconstructed medium, the fluid flow in 2D random 
arrangements of square obstacles of different aspect ratio was simulated by the 
present authors [34]. Predictions of the permeability were conducted and they 
were in good agreement with the available correlations. The effect of the 
obstacles’ aspect ratio on the permeability was also studied. 
     For the three-dimensional study of the pore level flow, the packing of spheres 
is the most widely used structure; the reason is that the analytical flow solution 
around a sphere has been available in the literature for some time; also the 
packing of spheres resembles many of the real world porous media structures. 
Sangani and Acrivos [19] reported analytical correlations for the permeability of 
three different arrangements of spheres of constant radius – Simple Cubic (SC), 
Body Centred Cubic (BCC), and Face Centred Cubic (FCC) – in terms of series 
expansion solution of Stokes flow, as follows: 

daC
LK

βπ6

3
=                                             (9) 

where K , a  and L are the permeability, sphere radius and unit cube side length; 
β  is the number of spheres in a cube of size 3L , which is equal to 1, 2 and 4 for 
the SC, BCC and FCC arrangements, respectively. dC  is calculated as follows:  

∑=
=

30

0n

n
ndC χα                                        (10) 

where the terms nα are the series coefficients tabulated for each arrangement 
[19] and χ  is a function of the solid volume fraction of the structure, c, as 
follows:  

( ) 3/1
maxcc=χ                                  (11) 

 

maxc  is the maximum solid fraction for each arrangement, determined by the 
maximum sphere radius in a cube of side length of L for which spheres are in 
contact without overlapping. maxc  is equal to 6/π , 8/3π  and 6/2π  for the 
SC, BCC and FCC structures, respectively.  
     Figure 1 shows the velocity magnitude contours and the velocity vectors in a 
BCC structure; cube side length (L) is 51 lattice units and the spheres’ radius (a) 
is 16 lattice units, which yields a porosity of 0.87. 

 © 2008 WIT PressWIT Transactions on Engineering Sciences, Vol 61,
 www.witpress.com, ISSN 1743-3533 (on-line) 

Advanced Computational Methods in Heat Transfer X  63



     Figure 2 presents the comparison between the predicted permeability and the 
correlation of Sangani and Acrivos [19] for three different arrangements of 
spheres. As it can be seen, the agreement between the predicted values by the 
numerical simulation and the analytical correlation is excellent. For the low 
porosities, as was stated by Sangani and Acrivos [19], the series did not converge 
and the analytical solution is not accurate; which justifies the discrepancy 
between the numerical simulation and the analytical correlation.  

  

Figure 1: Velocity magnitude contours and the velocity vectors in a BCC 
structure; L=51 and a = 6 lattice units, which yields a porosity of 
0.87. 
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Figure 2: Comparison of the predicted permeability against the analytical 
correlation of Sangani and Acrivos [19] for three different 
arrangements of spheres, namely: SC, BCC, and FCC. 
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     To change the porosity of each arrangement, size of the representative 
volume, L, was kept constant and the porosity was changed by varying the 
spheres’ radius. As it is shown in figure 3, normalizing the predicted 
permeability by the square of the spheres’ radius, a, for a constant value of L, 
causes the predicted values of the permeability for all the three different 
structures fall on the same curve, and eliminates the effect of the sphere 
arrangement when plotted as a function of the medium porosity. The normalized 
predicted permeability can be correlated as a function of the porosity,ϕ , as 
follows: 

( )01
2

2
3

32 ΦΦΦexp aaaa
a
K +++=      (12) 









−

=
ϕ

ϕ
1

lnΦ                 (13) 

where the fitting parameters, 3a , 2a , 1a , 0a  are calculated to be equal to  0.0118, 
-0.2093, 2.2648, and -4.6254, respectively. The correlation above is valid for all 
the three arrangements, namely SC, BCC, FCC, and for the entire range of the 
accessible porosity. 
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Figure 3: Normalized predicted permeability by the sphere radius versus 
porosity for three different arrangements of spheres, namely SC, 
BCC, and FCC. 

4 Conclusion 

The mesoscopic nature of the lattice Boltzmann method along with the  
implementation of the solid wall boundary condition make this approach a 
powerful tool for the pore level fluid flow simulation in porous media. Due to its 
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mesoscopic nature, the LBM enables its use in both the macroscopic and 
microscopic flow simulations, where the conventional CFD methods based on 
the Navier Stokes equations require some modifications. Using the LBM for the 
pore level fluid flow simulations in porous media requires no further modelling 
and the bulk properties of the porous can be calculated as the outcome of the 
simulation.  
     The demonstration of the LBM capabilities was first performed in a previous 
publication, where the fluid flow was simulated in a two dimensional random 
arrangement of square obstacles and the effect of the aspect ratio on the 
permeability was studied. In the present work, to further demonstrate and test 
LBM, three-dimensional simulations were performed for the fluid flow in a 
three-dimensional ordered packing of spheres with three different arrangements, 
namely: SC, BCC, and FCC. Keeping the size of the representative volume 
constant, the porosity of the reconstructed medium was changed by varying the 
spheres’ radius. The predicted permeability was in excellent agreement with the 
available analytical correlation for the entire range of the accessible porosity. 
Normalizing the permeability by the square of the spheres’ radius causes all the 
predicted values to collapse on a single curve and eliminates the effect of the 
sphere arrangement on the permeability. A correlation for the normalized 
permeability as a function of the porosity was proposed, which is valid for the 
entire range of the porosity and the all the three arrangements. 
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