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Abstract

This paper shows a new numerical technique for the FEM calculation of the
electromagnetic torque in a rotating electric machine. This is an extension of the
well-known Maxwell stress tensor method, applied to circular paths that lie entirely
in the airgap of rotating machines. Applications allow to evaluate the effectiveness of
the method.

1 Introduction

There are a number of algorithms that allow numerical evaluation of mechanical
forces due to magnetic interactions. They are commonly used in FEM analysis of
power devices: [1, 2, 3]

1. Virtual works;

2. Maxwell stress tensor (MST).

These methods are completely general, and they are not specialized for the
evaluation of forces and/or of torques in power devices such as electric machines. It
is well known that, from a numerical point of view, both methods are ill-conditioned:
the first one because the force is calculated from two field solutions very close the
one from the other, the second one because the numerical value of the force depends
only on the flux density in the path where the Maxwell tensor is evaluated. On the
other hand, integration of the Maxwell tensor along a path (which is 1D in 2D
problems and 2D in 3D problems) is not straightforward, and requires very clever
programming.
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The virtual works method cannot be improved significantly, if not by
reformulating the problem, leading thus to the mean and difference potential method
[4].

The MST method can be improved by performing an integration which is of the
same order as the problem, i.e. 2D for 2D problems, and 3D for 3D problems. This
allows one to increase the dimension of the region where the flux density is taken
into account when evaluating the MST, reducing the overall error; moreover,
integration techniques to be used are standard for that space. Moreover, it will be
seen that the evaluation of the torque can be specialized to circular paths.

2 Modification of the Maxwell stress tensor method for accurate
torque evaluation

With reference to a 2D geometry, the mechanical force F acting on a body, due to
electromagnetic interaction, has the following components:

1 1
Fx=ﬂ—OS(V-Tx)1S F, =—J'(V-Ty)15 1)

In Eq. (1), § is a surface that encompasses the body, and T, and Ty are :
T, =1 B2-1|B? |+ jB,B T,=iB.B, +] BB 2
x =1 x_'2'|| +JB, D, x TIByDy + ] y"'5|| (2)

where 7 and ] represent the unit vectors of the coordinate axes.
By applying the divergence theorem to Egs. (1):

Fx=—l—j'(V~Tx)15=_l—'|'Tx-ﬁdc Fy:L (V-Ty)JS=L.[Ty-ﬁdC
Ho ¢ Ho . #OS #OC

3)

where C is the path that encircles S and 7 is the unit vector of the outward normal to
C. Since fi=1i cosO+ fcosH , Egs. (3) are rewritten as:

F,= _LJ.':(BE —-;—IBlz)cose + B, B, sin B}dc (4.2)
Ho c

F, -1 {BxBy c059+(B§ ——-;—|B|2)sin0}dC (4.b)
Mo C
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1 .
With the positions M =B§ ‘EIBtZ , N =B,B,, Egs. (4) can be rewritten as:

Fy =—{[M cos6 + Nsin6liC  F, =—1-J.[Ncosl9—Msin9]dC )
Ho v Hy v

Yy

Figure I:  Reference frame for the evaluation of the forces and of the torque (n =
normal, f = tangent).

Eqgs. (5) can be interpreted as the integral of the elementary force quantities

de=——l—[Mc059+Nsin6]dC dr, :L[NCOSH—M sinH]dC (6)
Mo Ho

When dealing with rotating machines, the integration path generally is a
circumference C that lies in the airgap and encircles entirely the rotor. Without loss
of generality, C can be supposed to have center in the point (0,0) and a radius r: the
maximum and minimum possible values for » will be denoted r; and r; respectively.
With these hypotheses, dC = rd8, and Eqs. (3) are rewritten as:

1 2r 1 2
F,=— |T, iird9 Fy=— |1, -7ird6 (7
Ho 0 Ho 0

The elementary numerical value of the torque is (for the conventions of the reference
frames, see Fig. 1):

dT = rdF, =r|~dF sin@+dF, cos0) (8)

By introducing into Eq. (8) the expressions for F, and Fy from Eqgs. (5):
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2
dr :r_[_ (M cos@+N sin@)sin6’+(N cos @~ M sin@)cos oldo
Ho

and the total torque is:

227[

T= J.dT =— (N(cos2 0—sin’ 0)-2M sin@cos@)rlﬁ 9)
#00
that can be rewritten as:
2 2
T =L— |(Ncos20 - M s5in20)d6 (10)
#00

It has been already underlined that the integration path must lie entirely in the
airgap (rj < r < ry). From an electromagnetic point of view, the numerical value of
integral in Eq. (10) is independent on r: if r varies between r; and rp, the
circumference C encircles only different areas of air that, physically, do not
contribute to the torque. From a numerical point of view, the numerical value of the
rths of Eq. (10) depends on r, due to the rounding and truncation errors in the
evaluation of the flux density. With reference to this second viewpoint, lhs of Eq.
(10) will be referred at as T(r). More explicitly, T(r) should exhibit the same
numerical value for each r that lies completely in the airgap, but numerical errors
leads to different numerical values.

It is possible to perform N numerical integrations along N paths at different
values of r, rj < r < rp, equispaced by 4r = (rp - r7) / N. From an analytical point of
view, the torque is the mean value of these N integrals (that, by hypothesis, should

have the same value):
1 N
szgr(r,-) (11)

The rhs can be muttiplied by the ratio (ro - r7)/ (rp - rp):

Zr( )= ZT(r Ar (12)

‘ﬁ 2—ﬁ,1

If N tends to the infinity, being constant the interval (v, rp):
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27r
r? | (Ncos26 - M sin20)d0dr (13
0

1

rz—rl

T =

n
'[T(r)drz
n h=n ﬂo

= '~—u5

According to the conventions, cos 8= x/r and sin 8=y / r. The integral in rhs
of Eq. (13) is in the (r, @) coordinate system, and it can be changed in the (x, y)
coordinate system by considering that, in an annulus:

mn2r

T = f er@dr :J'dxdy
no S

where S is the annulus defined by r; <7 < ry . Eq. (13) can be rewritten as:

1 1 x2 y2 Xy
T= — || N ——— |-2M —= {dxdy (14)
rp—n Mo < r r r

The rhs in Eq. (14) is the expression that leads to the numerical solution of the
problem. Due to the summability of the integration, this can be performed piecewise,
1.e. triangle by triangle:

2 2
L1 ME Y | 2
r r

T=

S (15)
f2—n :uO kzl.Ne Sk

where N, is the number of (triangular) elements and Sy is the surface of the k-th

element. It is worth noting that each term of the surface integral in Eq. (15) involves

functions of the types [N (x2 /nl, IN (y2 / r)] and [M (xy / r)] that, due to the
presence of the term 1/ r, cannot be integrated with the standard techniques used for
the formation of {S] and [T] matrices.

The operating differences between the presented algorithm and the conventional
ones are easily deduced:

1) In practice, in the proposed method the Maxwell tensor is integrated along a
large number of paths rather than along a single path, and the mean value is
evaluated. This procedure tends to decrease the approximation errors.

2) The integration domain is of the same order of the main problem. In conventional
procedures the integration domain is one order less of the main problem (a line in
2D problems, a surface in 3D problems): this implies the need of specific
integration schemes.

3 Element integration

The main task in Eq. (15) is the evaluation of the element integral
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2 2

j N{i——y—J—2Mﬂ s, (16)
r r r

Sk

As already pointed out, this integral cannot be evaluated with standard simplex
techniques. Moreover, numerical integration is not straightforward, due to the
random position of the triangle in the xy reference frame(in 3D, the problem is still
greater). It is possible to change a different reference frame, where integration is
simpler (from a algorithm point of view).

In the following, a conventional vector potential formulation for FEM analysis of
the electromagnetic field is considered, with triangular elements of degree n in (x,y)
coordinates. Function in integral in (16) is a polynomial of maximum degree n + /
(apart the factor / /r) that, in general, cannot be integrated in a closed form.

Fig. 2 shows one of the triangular elements where integral in (16) must be
performed. Without loss of generality, each triangle can be locally renumbered
counterclockwise; moreover, it is possible to consider a reference system (& 1)
where the point (£ =0, n = 0) is point 1 of the triangle, and axis £ is such that point
2 of the triangle has coordinates (£,0). A point P, that in the (£ 1) system has
coordinates (£, 77,), in (x, y) system has coordinates (x,, y,):

X

p
Mp

cosf —sinb
sinf  cos@

= xO
Yo

P
Yp

where (xg, yg) are the coordinates in (x, y) system of the origin of (£, 7)) reference
system, and 6 is the angle between edge (1 — 2) of the triangle and axis x. It is
evident that, descending from the summability of the integration, the element integral
can be evaluated as:

[rexysasdy = [l gm) v &m agan an
Sk Sk

By developing the surface integral:

mi g2(n)
J.f(x,y)dxdy='[ J-f(xo+§cos9-77sin9,y0+§sin9+77c039)d§ dn
Sk O g1(m)
(18)
where
gl(ﬂ)=§—377 82(1) =1 (&~ &)+ &
3 n3
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Figure 2: An element in the laboratory frame and the intrinsic reference frame.

From a software point of view, integration of (18) is simpler than (16). A
straightforward technique consists in subdividing the (0, 77;) interval in a number of
sub-segments; for each one of these, the inner integrals in (18) are function only of
& & and they can be determined by means of the Cavalieri’s rule. A numerical
function of 7 is thus deduced, that can be again integrated by means of the same
Cavalieri’s rule.

4 Numerical considerations

The described surface integration is rather different from conventional procedures. It
is worth describing some of the results of the numerical investigation.

A 5" order element was taken onto account: in Eq. (18), the maximum power of
& is 6. A critical triangle was investigated, that presents large values of £ and small
values of 7: the triangle (48,0; 52, 0; 50,3).

Table 1 reports the results of a series of numeric tests. For the element under
consideration, the area has been evaluated (i.e. the integral of / function). Moreover,
the integral of the function (£°/ r) was evaluated. It was seen that the said integral
depends not only on the number of & and 7-divisions, but it also changes for
permutation of the indices of the nodes: in column A the nodes are taken in the initial
sequence (1,2,3), while in columns B and C they are permuted (this implies that the
origin of the (£ ,n) reference system changes, as well as the direction of the exes
themselves).

As expected, the variation of the integral with the number of divisions and with
the numbering of the triangle nodes effect is particularly evident for large values of £
and for high powers. It is seen in fact that the numerical value of the element area do
not changes with the number of elements and the node sequence; the integral of (&%/
r) is much more sensible to the number of division and to the local numbering of the



gﬁ' Transactions on Engineering Sciences vol 31, © 2001 WIT Press, www.witpress.com, ISSN 1743-3533

44 Software for Electrical Engineering Analvsis and Design V

nodes. From the numerical results it is, however, evident that the mean value of the
integral (i.e. the value obtained by taking the mean between the surface integral in
the three possible node sequences) is much closer to the final value.
(123)(123)
Table 1. Numerical value of the integral in Esq. (16) for different value of the
sampling nodes for Cavalieri’s rule, and for different local numbering of

the nodes.

Number A(123) B(231) C(312)
of 6 6 6 A+B+C
w- S s r r r

division S N N
S
2 6. 297.333344 | 1.79491310° | 1922108 10° | 1.91975410° | 1.878925 10°
4 6. 298.400024 | 1.82817910° | 1.904867 10° | 1.903540 10° | 1.878862 10°
6 6. 298.857117 | 1.842656 10° | 1.89657210° | 1.89662110° | 1.878616 10°
8 6. 299.111115 | 1.85075710° | 1.89351810° | 1.892788 10° | 1.879021 10°
10 6. 299.272705 | 1.855934 10° | 1.890950 10° | 1.890354 10° | 1.879079 10°
12 6. 299384644 | 1.859528 10° | 1.88917510° | 1.88867010° | 1.879124 10°
14 6. 299.466644 | 1.86216910° | 1887873 10° | 1.887437 10° | 1.879160 10°
16 6. 299.529419 | 1.86419110° | 1.886879 10° | 1.886494 10° | 1.879188 10°
18 6. 299.578949 | 1.865789 10° | 1.886094 10° | 1.885750 10° | 1.879211 10°
20 6. 299.619008 | 1.867084 10° | 1.885459 10° | 1.885148 10° | 1.879230 10°

2500 6. 299.996826 | 1.87933610° | 1.879490 10° | 1.879486 10° | 1.879437 10°

5 Comparison with an exact solution

In order to evaluate the performances of the proposed method, a comparison has
been performed between the results of the proposed method and the solution in a
case where it is possible to determine the solution in closed form. An
electromechanic device was studied, that carries one stator winding and one rotor
winding. Both magnetic structures are toothless, and there one slot per pole and per
phase (in practice, each conductor has a & width equal to one pole pitch).

Assuming the problem to be 2D and linear, the flux density in the airgap can be
determined in closed form; the force acting on the conductors (and therefore the
machine torque) can be analytically determined, since the torque production
mechanism is linked to the Lorentz force. Even if the windings present a thickness in
the radial direction, the flux density is purely radial throughout the airgap and the
windings.

The analytical behaviour of the flux density, taking into account the variation of
the volume of the airgap when the radius changes (  <r <r,) is summarized in

Table II, together with the analytical expression of the torque.

The analytical value of the torque has been compared with the results from the
proposed method and with the virtual works method. The geometry had the
following parameters: NJ, = NI, = 18, r;=20, r, = 20.1, ry = 20.4, r;= 20.5, =
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a) b)
Figure 3: a) an electromechanic device for the analytical evaluation of the torque; b)
a detail of the airgap region.
Table 2. The analytical behaviour of the flux density and the analytical expression
of the torque (¥ is the angle between stator and rotor magnetic axes).
Loz Zcp<s
2 2 2 2
NrIr 1 0—'1// NrIr 1 7[“0+l,(/
B,(6,r) 7o T o r T(W)=NrNsIrls(”_'//)’/’
4] n 7[2 lniz_
1
NgI, 1 @ N, 1 7#-0
Bi(8.r) T om2r T omz
n N

10000.0, w,, = 1.0. Fig. 4 shows the comparison between the analytical results and
the numerical results, both from virtual works and from the presented method. There is a
substantial agreement between numerical and analytical results, that confirms the

reliability and the accuracy of the method.
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Figure 4: Comparison between the modified Maxwell stress tensor method, the

virtual works method and the analytical solution (virtual works: central
difference scheme, 10 degrees displacement between the two field
solutions).

6 Conclusions

The numerical technique described allows accurate evaluation of the electromagnetic
torque on a rigid body, starting from FEM results. This is an extension of the well-
known Maxwell stress tensor method, applied to circular paths that lie entirely in the
airgap. Differently from Maxwell stress tensor, the integral operations related to the
numerical calculations are of the same dimension of the FEM problem. A
comparison with analytical case confirmed the effectiveness of the method.
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