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Abstract

The interest to improve the response of structures in front of an earthquake has
increased in recent years, leading to the investigation of different calculation
methods, especially those based on static non-linear analysis to increase
accuracy. The non-linear calculation can be approached by means of discrete or
continuous models. The discrete models represent the structure by a finite
number of degrees of freedom; in this case the movement equations are ordinary
differential equations which are resolved by numerical methods.

This paper applies a new method for the numerical integration of SDOF and
2DOF, which is developed from the Scheifele methods. The algorithm integrates
the unperturbed problem without truncation error, which represents an advantage
in front of the Taylor series. The new method calculates the exact solution of the
perturbed problem through a series of functions, whose coefficients are obtained
by simple algebraic recurrences involving the perturbation function.

To illustrate the application of the algorithm the resolution of two linear
systems is shown; the first one with a single degree of freedom and the second
with two degrees of freedom.

Keywords: seismic response, SDOF, 2DOF, numerical solutions, perturbed
linear systems of ODEs.
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1 Introduction

In recent years, interest in improving the response of structures to seismic
activity has increased dramatically which has in turn led to research into the
different methods of calculation. Historically speaking, structural calculations,
both in the field of building and civil engineering, have been carried out from a
static viewpoint, with a particular focus on those based on non-linear static
analysis to increase precision.

The need for non-linear calculation is due to the fact that elastic calculation
allows us to obtain the elastic capacity of the structure but not the failure
mechanism of the same and, therefore, the redistribution of stresses on the
sections.

Non-linear calculation also enables greater detail to be achieved as regards the
structural model and, particularly, in formulating a more precise equation to
model the movement caused by seismic activity.

Non-linear calculation can be approached from the point of view of
continuous or discrete models. Continuous models have distributed parameters,
where the movement equations are differential equations in partial derivatives,
models whose exact integration is only possible in the case of structures with
simple geometry.

Discrete models represent the structure through a finite number of degrees of
freedom. In this case, the movement equations are ordinary differential equations
that are resolved by numerical methods.

Typical civil engineering structures are always schematised as MDOF. For
example, buildings with several floors are analysed using these systems.

For n degrees of freedom, the equation is expressed in matricial fashion:
Mx(t)+ Cx(t)+ Kx(t) = —Ma(t) (1)
x(0)=x,=0, x(0)=x,=0
where M, C and K are the mass, damping and stiffness matrices, respectively.
The vector column q(#) contains the acceleration values.

These problems are currently resolved by using different software programs
that implement numerical methods to calculate the structural response to such
oscillatory movements as seismic activity.

This study applies a new method for the numerical integration of these kinds
of oscillators and systems, and is based on the methods used by Scheifele [1-5],
involving an extension of the Taylor series methods. Said method allows us to
express the solution of the system as a series of @ -functions, which are real
functions with values in the ring of the matrices /i//(m,R) [6], obtaining the

coefficients of the series by recurrences which involve the perturbation function.
The @ -function series method is able to integrate the perturbed problem
exactly, which is an advantage over algorithms based on the Taylor series.
In order to achieve numerical integration of the IVP (1), a linear differential
operator is defined, D+B, with B being a suitable matrix that allows us to
annihilate the perturbation terms, transforming the system into a homogeneous
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second-order system, and managing to integrate it exactly with only the two first
@ -functions of the series method.

To illustrate how the new algorithm is applied, we show the resolution of the
single degree of freedom and two degrees of freedom linear system, which
model earthquakes.

The precision and efficiency of the @ -function series method is contrasted
with the results obtained by other well-known integrators, such as LSODE,
Rosenbrock, Gear, Newmark A -method and the Wilson #-method.

2 Application of the ®-functions series method to an
earthquake modelled by an SDOFa

The equation of motion (or dynamic equilibrium equation) of a Single Degree Of
Freedom (SDOF) is mi(t)+ cx(¢) + kx(¢) = F,(t) where m is the floor’s mass, ¢

and k are the damping and stiff coefficients, respectively. F (7) is the external

force [7].

The importance of a SDOF resolution lies in that is that best shows the
interdependence between structure and its properties and the duration of an
earthquake.

Whereas the given structure (Fig. 1), which is not subject to any external
force but a movement of the ground due to an earthquake, the elastic force of the
columns is expressed through =_k( y(t)—ug(t)), where y(7) and u(r) are

the absolute displacement of the mass and of the ground, respectively.

m
— ()

k2 2

> u®)

Figure 1: Single Degree of Freedom System (SDOF).

The expression x(¢) = »(t)—u, (2)is the relative displacement between the
mass and the ground, therefore F, = —kx(t) -
Analogously, the damping force is F, =—c( y([)—ug(t)):—cx([) and the

external force is zero.
Applying  Newton’s second law, Z F=mj()> 1  obtained

mi (1) + cx(t) + kx(r) = —mii (t) , in standardized form:

3(t) + 28w, 3(t) + @lx(1) = —ii, (1) (2)
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where o, = Jk/m 1s the undamped natural frequency of vibration and
¢ = C/(Zma)n) is the critical damping ratio.
If miig @) is a harmonic forcing function, i.e. miig (¢) = F, sin(w,?) equation (2)

can be expressed:

. . F .

¥(t)+ 28w, % () + @ x(t) = ——Lsin(w,t) (3)

m

at the moment the earthquake occurs, it is very reasonable to assume that the
structure is at rest, i.e. x(0)=0, x(0)=0and ¢t e [0, T]-

In order to apply the @ -function series method, the change of variable is
affected:

X=u, X=1u,
where
U =x=u,
- . E . E .
i, =i =-200 % - x——Lsin(wyt) = -2{o,u, — ou, ——sin(o,t) “4)
m m

The IVP (3) can be expressed as:

[z.ll}{()z -1 ](%J:_(O E]sin(a)ot)jt’[ul(O)]:[Oj (5)
i, o, 2w, \u, m u,(0)) 0

The variable is introduced in order to make easier the elimination the
disturbance’s function of the IVP (5), following the Steffensen’s techniques [8,
9].

u, = & sin(w,t)» obtaining a new IVP.
m
w@)) (0 -1 0\ u() ,
N ) 1 R F, (6)
u,(t) |+| o, 26w, 0|l u,(t)|=—|0 —=sin(wyt) —o,cos(avpt) |,
L@) Lo 0o olu " "
with #(0)=(0 0 0)
To invalidate the function of disturbance, the differential operator (D+ B) is

applied to (6), where B is the following matrix:

0 0 O
B={0 0 -1 )
0 o 0
obtaining the extended IVP,
i, () 0 -1 040 0 0 0\(u,()) (O
i) |+| @ 2lw, 1| 1,@)|+| O 0 0 uy(t)|=|0 (®)

i) (0 o 0)\i0) (e 2e,0 0)u@®) (0

u(0)=(0 0 0)'4;(0):(0 0 —5@,}[
m
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which is integrated exactly using the @ -functions series algorithm described in

[6].
2.1 Resolution of a seismic model (SDOF) by ®-functions series method

Choosing the following specific values for the structural variables [7]:
k-s* rad rad

m=1.0 » §=5%, w, =21 —,Fb:lOkip,a,O:4_andT:ls.
in. s K
The IVP is:
0) 0 -0 u,(t) u(0)) (0 9)
T t
i (0) |+ 477 = 0| u,(r)|=—(0 10sin(4r) 40cos(4r)),|4(0)|=| 0]
';’3(0 0 0 0 us(t) u3(0) 0

By applying the differential operator, (D + B), is obtained the expanded IVP:

iy (£) 0 -0 1y (£) 0 0 Olu@®) (0 (10)
i, (t) |+| 47 “Ma@l+ 0 0 ollu®nl|=o0]
ih; (1) 0 o J\i() 64 lér 0 u, (1)) \0

5

u(0)=(0 0 0),a(0)=(0 0 -40),
which is integrated exactly by the following algorithm, particularized for this
problem.

> @l

ay=u,=(0 0 0) (11)
0 1 0 0
a, =|—4r? % 0la,—| 0
(0] (0] 0 40

from k = 1 up to n calculates:
u, =D,(h)a, +®,(h)a,

a,=u,

0 1 o o
a, =| —ar? % 0 |u, —| 10sin(4kh)
0 40 cos(4kh)

o

following £.

The results obtained using the @ -functions series method, are compared with
the known codes:

LSODE methods, causes a numerical solution to be found using the
Livermore Stiff Ode Solver. It solves stiff and nonstiff systems. It uses Adams
methods (predictor-corrector) in the nonstiff case, and Backward Differentiation
Formula (BDF) in the stiff case.

ROSENBROCK the method finds a numerical solution using an Implicit
Rosenbrock third-fourth order Runge-Kutta method with degree three
interpolant.
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GEAR causes a numerical solution to be found by way of Burlisch-Stoer
rational extrapolation method. The method has higher precision and calculation
efficiency, especially in solving stiff differential equations.

TAYLOR SERIES the method finds a numerical solution to the differential
equations, using a Taylor series method. This method can be used for high
accuracy solutions.

NEWMARK BETA-METHOD is a method of numerical integration used to
solve differential equations. In this method the constant average acceleration is
generally used in structural dynamics because it has been shown to have a high
degree of numerical stability.

WILSON THETA-METHOD assumes that the acceleration of the system
varies linearly between two instants of time, ¢ to ¢+ 6h , where the value of 6
need not be an integer and is usually greater than 1.0. the method is
unconditionally stable for linear dynamic systems when 6 >1.37, and a value of

60 =1.4 is often used for nonlinear dynamic systems.

10 _I T
f i
LSODE 107
2o ot peTAmethes THETAmeted
H TAYLORSERIES = -20
5 il Al s b £
™ ‘ g 30
“ GEAR ]
™ lu.lhlli Vil ottt sttt ottt sl bl 40 - functions series method
u - functions series method kuw.}l{'[bu[j‘l {J'u/uu'uur | Luﬂuilhu(uuuuulw
10 2 E £ g 10 2 E) 0 50

t t

Figure 2: The decimal logarithm Figure 3: The decimal logarithm

of module of the relative of the relative error of
error of the solution the solution x(z).
u(t) .-

Fig. 2 shows the graph of the decimal logarithm of module of the relative
error of the solution w(¢), vs ¢, calculate using (11), step size #=0.01 and 50

digits, with the numerical integration codes LSODE with ol =10,
ROSENBROCK with abserr = 107, GEAR with errorper =107 and

TAYLORSERIES with abserr =107

Fig. 3 shows the logarithm graph for the absolute value of the relative error of
solution x(z), vs. ¢, obtained with 50 digits, calculated by means of (11), with
two @ -functions and step size ~£=0.001, compared with the numerical
integration codes NEWMARK BETA-METHOD with 6=1/2, a=1/4,
h=0.001 and WILSON THETA-METHOD with §=1/2, a=1/6, 0=14,
h=0.001. Analogous results are obtained for the velocity x(7).
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3 Application of the ®-functions series method to an
earthquake modelled by a 2DOF

A 2DOF can be represented in Fig. 4 and it is used to study the dynamic forces
acting on this system. Similarly at SDOF, four types of forces act on each floor
mass, the stiffness force, the damping force, the external force and inertial force

[7].

Figure 4: Two Degrees of Freedom System (2DOF).

The dynamic equilibrium equations of motion are:
m, 0% [atre X N k+k, —k\(x) _(F® (12)
0 m)\ X, -G o )\ X, —k, ky )\ x, - F, (1)

defining M:[’"‘ oj’ C:(CIHZ —CZJ, K=(k,+k2 —kzj’x(t)z(xl(t)j and

0 m, -, G —k, k, X,(2)
F(f) :( F(t) F, (t))’, when the symmetrical and positive definite matrices M, C
and K, are the mass, damping and stiffness matrix, respectively; the system (12)
can be expressed by Mx(1)+ Cx(¢) + Kx(t) = F(¢) -
Considering that the structure is subjected to an earthquake ground motion,

where only horizontal translation of the earthquake ground motion is considered.
Applying the Newton’s second law and given that the external force is zero, are:

my, +c, (yl _y2)+cl (yl _dg)+kz (yl _y2)+cl (yl _ug) =0, (13)
m,y, +c, (yz _y1)+k2 (y2 _y1)=0,
where u < and U g are the absolute ground displacement and the absolute ground

velocity, respectively.
If it define x (£)=y, (;)—ug (t) and x,(r)= y,(O)—u, (), as relative

displacement between the mass and the ground, the equations (13) are:

3 R D DR A

If(m 0 lii is a harmonic matrix forcing function, i.e.:
0 m, )\1) ¢
m, 01 i - F, sin(a,t) (15)
0 m )\1) % F,sin(ay)
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equation (14) is:

m 0% . aqte, -6\ % . ki+k, =k (x| (Fsin(ey) (16)
0 m\&,) \ -, ¢ )\h) |\ -k Kk )x,) |Fsino)
at the moment that the earthquake occurs, it is very reasonable to assume that the

structure is at rest.
Therefore or normalized form, the IVP is:

¥(t)+ M 'Cx(t) + M Kx(t) = —(F,sin(wyt) I m,  F,sin(e,t)/m, ) (17)
x(0)=x,=(0 0) and x(0)=x,=(0 0)
In order to apply the @ -function series method, is effected the change of
variable: x, =u,, X, =uy, X, =1l »X, =1,> X, =U,> X, =1, -
The IVP (17) can be expressed as:

i, u, 0
. . . ! 18
sz . 0sz Iz:2 u, oo Fysin(ot)  F,sin(a,t) u(0)= 0 . (18)
i | \M"K M"C)| u, m m, 0
U, u, 0

3.1 Resolution of a seismic model (2DOF) by @ -functions series method

Consider the two-story frame subjected to an earthquake ground motion [7]
(Fig. 5).

Figure 5: Two-story frame.

The dynamic equilibrium equation of motion is:
2m 0 x, N 3¢ —c ).'c, . 4k 2k\( x, _ 2m 01 i (1) (19)
0 mi\%) \—¢ 2c)\x,) \2k 3k )\x, 0 mi\1)*
If (2’” OJ[I}Z (t) is a harmonic matrix forcing function, i.e.
0 1)

Zm 031 0= £ysin(@t) ) then equation (19) is:
0 m)\1)* F, sin(w,t)

(Zm Oj(jé]}—[k —cj(x]j{mc —ZkJ[xIJ:_[FOSin(a)Ot)J (20)
0 m)\%,) \—c 2c)\x -2k 3k )\ x, F, sin(w,t)

In notation more compact and normalizing the equation (20), is obtained:
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() + M\ Ci(t) + M Kx(t) = —( fosin(ay) - £ Si“(‘"o’)Jl 21)

2m m
at the moment that the earthquake occurs, it is very reasonable to assume that the
structure is at rest.

To solve the IVP:

R(6)+ M C(t) + M Kx(t) = —( Fysin(@) - Fy sin(@y) j (22)

2m m
with x(0)=0, x(0)=0, r€[0,7],
using the methodology of the @ -functions, the new expression for the IVP

u, (1) u () (23)
() +( Oz L J ) =—[o 0 Lo sinay) 5s,in(wot)j,
1 (2) MK M C)|uy(t) 2m m
i, (1) u, (1)
u(0)=0 where 5,15 _ K 2 1) and Mlic="- 3 -0,
m\—2 3 2m\ -2 4

The variable is introduced in order to make easier the elimination
the disturbance’s function of the IVP (23), following the Steffensen’s techniques
(8, 9].

u, = —isin(a)ot) , obtaining a new IVP.
2m
i, (1) u (1)
i, (1) 0,., L, Oy u,®) . .
(@) |+| MK M7C 0, || w0 =—5(0 0 751”(2“’“” sin(ay,) 2N °°;(“’°t)) (24)
u, (1) 0, O, Oy, )|u 0 "
ﬂs(l) us(t)
with u(0)=0.

To invalidate the function of disturbance, the differential operator (D +B )
is applied to (24), where B is the following matrix

0o 0,y 0Oy P -1 g
B=|0,, 0,, O, » with Q”l:(_z] and O, =(a;] 0) (25)

0]><2 leZ lel
obtaining the extended IVP
ii,(t) iy (f) u()) (0
| (0 Ly Oy)\i®)| ( 0, O O\ w0 |0 (26)
i) [+ MK MTC Q,, | @) |+ O, 0., O, |lu®]|=]0],
i, (1) O Qo Oy ) uy() lezMilK lezMilc O )| uy(0) 0
ii5(1) iis(1) ust)) \0
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u(0)=(0 0 0 0 0)’,,-,(0):[0 00 0 _i%j,
2m

which is integrated exactly using the @ -functions series algorithm described in
[6].

Choosing the following values for the structural variables [7]:

2
m=1.0 k-s » gZS%a a, =2r ﬂ, E) =10 klp, a)0=4 ﬂ and T=15s.
in. N N
The IVP is:
3z T
2 0Y(%) |10 5% L[167° 877 )(x)__(10sin(4n)) (x,(0))_(0 27
0 1\%) | 7 2z |\%) (-82° 122° {x,)  (10sin4n))" (x,(0)) |0
55

making the change of variable x; = u,, X, =uy, X, =u, and x, =u,, 562 =u,,

X, =u,, the new IVP is:

. 0 0 -1 0 0 u, (0) 0
(1) 0 0 0 -1 offm® 0 w©) | |0 (28)
L (t L(t 0
w0 1o g 31 om0 . w0 |=| 0.
uy (1) |+ 10 10 uy(t) |[=—| S5sin(4z) |, u> ) 0
. . 4
1, (¢) 87 12 % 2 0 u, (1) 10sin(4¢) 1. (0) 0
us(t) 5 5 u () 20cos(4t) s
0 0 0 0 0
A matrix which annihilates the disturbance function is:
00 0 0 O (29)
00 0 0 0
B=|0 0 0 0 -1
00 0 0 -2
0 016 0 0
applying the operator (D +B ) to the system (28) we obtain the extended IVP:
0 0 1 0 0 30
i Lo o o 1 ofmo) [0 0 Y Ny (o (30)
. i 0 0 0 0 0
A0 ) R VR P20 6| |0
. 87 —an 2 Z . 0 0 0 0 0 _
iy (1) [+ 10 10 iy (1) |+ 0 0 0o 0 o uy(t) |=[ 01,
i, (1) , -m 21 1, (t) u,(t) 0
R 87° 127" — — 2| 5 , 24m 87
i (1) 55 ug(r)) [12872° 647> — —— 0 |us(r)) (0
6 0 0 505

u(©0)=(0 0 0 0 0)>a0)=(0 0 0 0 —20)>
that is integrated exactly by the following algorithm the ® -functions series ,
applied to this problem

a,=u,=(0 0 0 0 0) (31)
0 o 1 0 o
0 o o) 1 0] Y
_ 0
. — 872 472 ﬂ L 0
a, = 10 10 a,—| O
872 —12.2 L 2z 0
5 5 —20
0 0 0 0 o)
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from k = 1 up to n calculates:
w, =0 (ha, +®,(h)a,

a,=u,
0 0 1 0 0
0 0 0 1 0 0
5 5 -3z T 0
a, = 87 4 10 10 0 u, —| Ssin(4kh)
82’ —122 a2 -2 0 10sin(4kh)
5 5 20 cos(4kh)
0 0 0 0 0
following k.
LA g " i Ll St amntdindntlatbobl il
-104 ROSENBROCK A jriviny ’P’!‘NYI’:'}V‘/'«M'\L{;J AP
BETA-method and THETA-method
LSODE -10
ot o
5 TAYLORSERIES L ~
s ! I —
$ bbbl ) E
2 -3 B
‘ ) 8w
GEAR
-401 ’ (- functions series methad —a0 ®-functions serles method
] . , . y i 10 20 3 & 50
10 20 30 40 t

t

Figure 6: The decimal logarithm Figure 7: The decimal logarithm

of module of the relative of module of the
error of the solution relative error of the
u(t). position x(z).

Fig. 6 shows the graph of the decimal logarithm of module of the relative
error of the solution w(¢), vs ¢, calculate using (31), step size #=0.01 and 50
digits, with the numerical integration codes LSODE with 70/ =10,
ROSENBROCK with abserr = 107, GEAR with errorper =107 and
TAYLORSERIES with abserr =107

Fig. 7 shows the graph of the decimal logarithm of module of the relative
error of the solution x(¢), vs ¢, obtained with 50 digits, calculated by means of
(31), with two ®-functions and step size 4 =0.001, compared with the
numerical integration codes NEWMARK BETA-METHOD with §=1/2,
a=1/4, h=0.001 and WILSON THETA-METHOD with 6=1/2, a=1/6,
0=1.4, h=0.001. Analogous results are obtained for the velocity x().
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4 Conclusions

The method of numerical integration of ® -functions series is based on the ideas
developed by Scheifele in his I -functions series method. The @ -functions
series method has an advantage over the Scheifele method to integrate exactly
the perturbed problem, transforming it into second-order homogeneous problem
which is able to integrate exactly with two first @ -functions.

The good performance and accuracy of the @ -functions series method is
shown by comparing numerical results obtained in the resolution of a SDOF and
2DOF with the results calculated with other well known integrators, such as
ROSENBROCK, GEAR, TAYLORSERIES, NEWMARK BETA-METHOD
and WILSON THETA-METHOD.
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