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Abstract

The subject matter of this paper relates to general laminates comprising
orthotropic layers with arbitrarily oriented material axes. Fundamental solutions
are derived for the thin laminated plate theory based on Kirchhoff hypothesis.
The analysis relies on Fourier transforms whose inverses are obtained using
contour complex variable integration of analytic functions. This process allows
the derivation of explicit and compact forms for the fundamental solutions which
are subsequently introduced into suitable reciprocity relations to obtain boundary
integral equations for the general laminate coupled extension-flexure problem.
Keywords: fundamental solutions, general laminate, Fourier transform, residue
theorem.

1 Introduction

General analytical solutions for laminated plates, based on the classical
lamination theory, are rather rare and restricted to rectangular plate domains.
Provided that the fundamental solutions of the respective governing partial
differential equations are available, numerical solutions accounting for the
possible coupling between extensional and flexural deformation can be obtained
by the boundary element method (BEM), which would also deal with plates of
arbitrary shape.

Previous nonlinear BEM analyses of general laminates [1, 2] relied on the
fundamental solutions of the two uncoupled, extensional and flexural problems.
Compact expressions for these solutions and the other kernels arising from them
are given in earlier articles on BEM applications to the symmetrically laminated
plate problem [3]. The integral equations of the respective BEM formulations of
the general laminate problem included irreducible domain integrals requiring
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236 Boundary Elements and Other Mesh Reduction Methods XXX VIII

additional domain modelling for the generation of a consistent system of
algebraic equations.

For a genuine BEM solution, the fundamental solutions for the coupled
problem are therefore essential. A first attempt at deriving such solutions was
made by Becker [4] by representing the three displacement components in terms
of complex potentials and their derivatives; the rather laborious process required
the determination of four complex constants satisfying eight equilibrium and
continuity conditions. No explicit forms of the fundamental solutions and their
derivatives were obtained although plots of associated forces and moments were
provided. More recently, Hwu [5] adopted a similar approach with the stress
resultants being represented in terms of stress functions; this process led to
fundamental solutions in explicit forms but still requiring expressions of
considerable complexity for their description. A corresponding BEM formulation
of the coupled extensional-flexural problem was developed by the same author
[6].

In this paper, an alternative approach for the derivation of the fundamental
solutions of the general laminate problem is adopted. The procedure is based on
Fourier transforms and complex function integration. The problem is formulated
in terms of the in-plane displacements and lateral deflection. In contrast to the
solutions mentioned above, which applied unit moments about each co-ordinate
direction, a unit moment about a single arbitrary in-plane direction was
considered in the present analysis. Explicit and compact forms for the two in-
plane displacements, the deflection and its gradient relative to an arbitrary
direction were obtained. These solutions are more consistent with classical
formulations of plate stretching and bending problems; they were subsequently
introduced into an appropriate reciprocity relation to yield boundary integral
equations that can be solved by the standard BEM procedure.

2 Theory

The derivation of the classical lamination theory was based on Kirchhoff’s thin
plate assumptions. The theory comprises the constitutive equations

Nap= Aaprseys + Bapys ks (1
Meap= Bapysers+ Dapys Kys, 2

the in-plane strain-displacement and curvature-deflection relations
Eap = Vo(Uap+ Up,a) (3)
Kapp=—W,af, “4)

and the equilibrium equations

Nepp+fa=0 (5)
Map,ap+q=0. (6)
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Tensor notation and an x;-x, Cartesian frame of reference have been used so
that the membrane forces are represented by Neg, the bending moments by Mg,
the mid-plane strains by &up and the curvatures by xup the in-plane
displacements by u. and the transverse deflection by w, where all Greek indices
range from 1 to 2 and the summation convention over repeated indices has been
adopted. Moreover, a comma followed by a subscript represents differentiation
with respect to the corresponding co-ordinate; for example, u,, means Ou/Ox.. In
eqns (1) and (2), the material constants Aups are the extensional stiffness
coefficients, Dggs the flexural stiffness coefficients and Beges the bending-
stretching coupling coefficients. In eqns (5) and (6), fo and g are the in-plane
body forces and the lateral pressure, respectively.

Substitution of eqns (3) and (4) into eqns (1) and (2) allows the constitutive
equations to be written in terms of in-plane displacements and deflection:

Nap= Aapyitty,s — Bapys w,ys @)
Mop= Bapys tty,s — Dapys W,ys (®)

Finally, substitution of eqns (7) and (8) into eqns (5) and (6) allows the
equilibrium equations to be written in terms of in-plane displacements and
deflection:

Aapystyps— Baprs wopro + fa=0 )
—Bapys uy,aps + Dapys Woapys = q (10)

The objective, in this paper, is the derivation of the fundamental solutions for
the linear system of differential eqns (9) and (10).

3 Fundamental solutions
3.1 In-plane extension
The fundamental solution u;y, W, in this case satisfies
Aapys u;y sps — Baprs ‘7"; sps T O dx-E) =0 (11)
—Bopys u;y’aﬂé‘ + Dapys W, saprs =0 (12)
where x(x1, x2) is the field point, (&), &) the source point in an infinite domain

£, as shown in fig. 1; dup is the Kronecker delta and &x — &) the Dirac delta
function so that the product dud(x—€) represents unit in-plane forces acting

along xz at (&, &).
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X2, 52
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m
P(§) r
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> x1, &
Figure 1: Infinite laminated plate under unit forces/moment at source point P(&).

In a two-dimensional space, the Fourier transforms of the dependent variables
are given by [7]

~ 1 * _i0x

u/l},:gg u/weC do

~ 1 ~% _i(-x
27'[_@4

where (¢, ¢») represents the independent variable vector in the Fourier space.
Taking the Fourier transforms of the left-hand sides of eqns (11) and (12) leads
to the algebraic system of equations

. . A o v
~Aapys ot — Baps Sl W, + ﬁe‘“ =0 (13)
—iBapys $alpls U, + Dapys Galplyss Wy =0 (14)

for the three transformed displacement functions associated with a unit force in
the x, direction. For more clarity, the system of eqns (13) and (14) is also written
in matrix form:

A1y Caly A5 pls ByoSkSnbo [y Sn e
. ,\ €
Da1ySaly A 5256 pCs 1BypioSiénSo |1Ua2 (=1922 e (15)
_iB/lylvé/ﬂ,é/yé’v _iBlp2v§le§v Dld,,uvé//(él/lﬁ:yé/v WA 0

so that its solution can be expressed in terms of determinants in the form
| o AiprsSpls 1By,06 S pS0 g
g =3 S0 Aprspls B398 x$nSo B (16)
0 —iBy0vCa8uév  Drauv€saluly
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| Aa1yCaly  On1 BiueSinSe gk

ﬁ/u:Z Do1yCaly OS2 1BywaliSpSe e (17)
—1By,1v628u8v 0 Digun€iCal uly
| A1q1,€a Sy AiprsCpls  Ou KT

Wy = A1yl A pr5688s O B (18)
=By 688y —1Baunv6isusy 0

where A is the determinant of the coefficient matrix on the left hand side of
eqn (15). Expansion of this determinant gives
A1, &) = [(Aia1y Aops-Arary A1p8)Diapvy — (Ara1y Baprs— Az y Bipxs) By
+ (A1c2y Baprs - Azany B1pxo)BinvlGa Cp Gy G5 G G Gu G (19)

Thus A({1, &) is an 8 order polynomial in either ¢; or & whose coefficients are
expressed in terms of the material constants. Expansion of the determinants on
the right-hand sides of eqns (16)-(18) results in similar polynomial expressions
2 &, &) and ha(&y, &), of 61 and 5™ order, respectively, so that

; 84,(61.62) 55
U AMGLG) am
o _i(&.0) 5

A(G1,¢) 2m

The fundamental solutions can now be obtained as the inverses of their
Fourier transforms given by eqns (20) and (21):

* 1 N Lcx g (é’ ’é') e
w0, (%,8) = 5= [ diy,e™ d-Q——2 [ SAroL22)
2n 2, 4’ o AGLE)

_ 1 eriox Ui (61,85) vt
&) =— d2=— do 23
w68 2n_(£xw 4’ f)[ ALy @

The integrations with respect to § on the right-hand sides of eqns (22) and (23)
are performed by separation of variables, that is,

« g/ly(évlsé,z)

(20)

e2y)

Q@) (22)

* _LOO -idn -ighn
“ar ‘41:2 el g ¢ i
_ - lglr1 ﬁ(gl’§2) lgzr2

- L gi YERAN 42

where ro = xo — &o. Integration with respect to & is performed using complex
variable calculus [8]. Considering first the solution for the in-plane
displacements, a complex variable z = ¢; + i{” is introduced and a complex
function F(z) is defined as

£1,(69) e

F@)= AL1,2)

24)
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which is integrated around the contour shown in fig. 2 comprising the segment of
the real axis from —R to R and the semicircle Cr in the upper half of the complex
plane.

<a

Cr

\ 4
y
4

Figure 2:  Contour for complex function integration.

Thus, for any value of R,

R .

[ 8 (6162) ¢ dg, + [ F(z)dz = 2miY Res(ay )

“r A&1,8,) C, k
where a represent the poles of F(z) within the contour. It has been shown [§]
that the contour integral along the semi-circle on the left-hand side tends to zero
as R goes to infinity provided that 7, < 0. As R increases, the semicircle expands
and eventually encompasses all the poles of F(z). To determine the residues
associated with these poles, it is noted that the 8" order polynomial A(¢, z) has
four pairs of distinct complex conjugate roots [9] which can be easily expressed
in terms of &£ by introducing the parameter p such that z = & = pdi; this
transforms eqn (19) into

8
A, 2) = &1 Alp)
The roots of A(p) are represented by
Pk = pl:r +ip]:>,’ ﬁk = ,01; _iplga P]Z > Oa k= 1929394

and the denominator in eqn (24) can thus be written
4
A(&,65) = Asli[l(gz - Pi6iNG, —Pid1)

where 4s is the coefficient of p* which can be expressed explicitly in terms of
material constants. Since ¢; varies from —oo to oo in the subsequent integration, it
is, at this stage, necessary to distinguish between ¢ being positive or negative.
(@) & >0
In this case, F(z) has four poles pidi of order 1 (simple poles) in the upper
half-plane and the respective residues are

—inp8,
Res(0i6) = [(z— L) (o, = %
ko1
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where
B =pi 1H (o — P ) o — P;)
Thus
? 86262 e, & 8 (P o
It pitngy, - 2 5 SO
o A(E1,62) AS k 1 S
® &<0

In this case, the complex conjugates of p, multiplied by ¢, are the four
simple poles of F(z) in the upper half-plane; hence,

B g ( )e i\np,
Res(p4)) =[(z = ) F ()], = %Tka
and ~
2568 ey & 8, (P e
A g, = Dy S
o A(C1,65) Ask 1 ﬂkgl

It is thus possible to obtain the inverse transform given by eqn (22) over the
whole range of ¢i:

4 P A 0 iV
u;y _ 1 g, (Pr) i e d¢, - 1284, ] e ¢, (25)
dnA k= By 0 & 4nA, k=1 ﬁk o &)

where v = r| + pir2. By substituting ¢ = s in the first integral of the right hand
side of eqn (25) and i = —s in the second, it is possible to show that the second
term is simply minus the complex conjugate of the first. This leads to the real
expression

. 1 4 e
u, = Re| 3° gl;/(pk) i e ds
2nA4 = B o S

Since 7, < 0, Re(—ivx) < 0; thus exp(—ivs) is bounded. Under this condition,

the Cauchy principal value of this divergent integral can be obtained by making
use of a property of the Laplace transforms [8], which leads to

o0 lSVk

Pl €

=—Inw (26)
s

Thus, finally, the fundamental solutions for the in-plane displacements is
provided in the form of the real functions

uzy __ 1 R{i gﬂy(pk)ln‘}k} a7
2n4 k=1 By

If r, > 0, for the contour integral over Cr to tend to zero as R goes to infinity,
the semicircle should lie in the lower half-plane. The process described above is
repeated leading to the same final result.

The inverse Fourier transform of the deflection given by eqn (23) is also
integrated by separation of variables. Integration with respect to ¢ is performed
by the same process as that applied for the in-plane displacements with g,
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replaced by /.. Since the latter is a 5% order polynomial, the square of {; appears
in the denominator of the residues and the fundamental solution for the
deflection becomes

ﬂ/;' _ 1 4 hg(pk)‘”e'ig'v‘ dé’ B i 4 hﬁ(ﬁk) 0 e—ig“,@
= 1
ik s B oo & Ak iD B e &

Making again the substitutions & = s and ¢&; = —s in the first and second integral
of the right hand side of the latter equation results in

45 0 ATISV,
W, = ! Re ZMIG—zdS
2nk k=t B 0

Integration by parts and the application of the previously obtained result given
by eqn (26), leads to

d¢,

o oS

P (j) 3 ds = —ivg In v (28)
Hence the fundamental solution for the deflection due to in-plane forces is
" 4 h |
wz — 1 Re z A (pk )vk nv (29)
2nk k=1 By

3.2 Flexure

The fundamental solution for plate bending satisfies

Aapysiiy, s zs — Bapys Wysps=0 (30)
—Bapys lj;y saps + Daprs W, saprs = OAX—E) (31)
where
00(x—
a(xa):=5(xa>and¢z(xa)=—7§féifl

The two infinite plate deflections and associated in-plane displacements at a field
point Q(x) governed by eqns (30) and (31) are interpreted as [10]:

ftfy, w; are due to a transverse unit point force at the source point P(§),

il,,, wyare due to a unit moment at P about the direction normal to unit

vector m as schematically shown in fig. 1.
Taking the Fourier transforms of both sides of eqns (30) and (31) gives

~Aapys $plstiy, — 1Bapys $plils W, =0 (32)
. A ~ b, .
%Wm%wwme%mm=ﬁﬁﬁ (33)

where b; = 1 and b, = —idum. The solution of the system of eqns (32) and (33)
gives the expressions
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i G0k

T AGLG) G4
il
W _ 1 y(G1,65)bse (35)

2r A(6),47)

where ¢, and v are, respectively, 5" and 4" order polynomials in either ¢} or &
while A(£1,4) is still given by eqn (19). The process of finding the inverse
transforms of eqns (34) and (35) follows the same steps as in the case of
extension. Thus, separation of variables gives

?,(¢1,62)b,(¢1,43) i g

~% i -
Ty =—2_! ¢ 4'd§1_{0 25 d¢;
_ 1 iCrg v (61,6,)b;(£1,65) eiéng
e e ] A6 =

Contour integration with respect to &; results in the following expressions
s i (py(pk)Tbl(ﬁl,pké”l)e“m ic

= 1

(7,7 Ny R I

i 9, (P) © b, (&1, P& )e™ ™

4nd kzl B —Ioo ¢t

d¢, (36)

. 1 4 ©} , e_iglvk
W, = 5 ‘//(Pk)J 1(& pkfl) d
dnk k=1 B 0 &
1 dv(p) (I) by (15 e ™ d
LYV =1 &
For A=1and b, =1, eqns (36) and (37) can be reduced to

S

¢ G37)

4 0 ISV
iif, = ! Re {i R (P 7e ds}
4 2

k=t B o0 s

. 1 @ q -isv,
W= Re Zl//(pk)I s
2n k=1 B oS
Successive integration by parts and the use of relation (26) gives

lst 2

Vi
=—LInv 38
G (38)

Pje

0 s

Hence, use of eqns (28) and (38) leads to the final form of the fundamental
solutions for the displacements due to unit lateral force

1 & 9, (p)
uy, __2nA8 Re[kZ_:l 5 v, In vk} (39)
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.
w

1 S w(pr) o
_47t4; ReLZ_“I 5 Vi lnvk} (40)

For A = 2 and by = —i(m1 + pum2)éi, eqns (36) and (37) are similarly
transformed to

~k 1 4 w}/ (pk) s e_ivks
=— R ds 41
Uy, 2, {El 2 (m1+m2pk)£ P } (41)
- 1 4 ll//@k) o e—ivks 4
Wy = _211418 Re[gl—ﬂk (m, +m2pk)£_sz ds} (42)

Taking into account eqns (26) and (28) finally provides also the fundamental
solutions for the displacements due to a unit moment about m:

" 1 4 9,(o)

Uy =~ 2nA4, RQLE_ZI yﬁkk (it 0 )Im}k} )
. 1 u
i R el

It can be noted that eqns (43) and (44) are, respectively, the singular parts of the
derivatives of eqns (39) and (40) with respect to m.

4 Boundary integral equations

BEM can now be applied to the analysis of a finite plate, whose domain (2is
bounded by the contour /" as shown in fig. 3. Apart for the in-plane body forces
and the lateral pressure, the plate may also be subjected to various edge loads

X
2,“52

Q(s)) ¢

» xi, &

Figure 3:  Laminate plate of arbitrary shape under edge tractionp .
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such as traction p. A BEM solution process can be developed by formulating
first the reciprocity relations

L(Naﬂuza 2 +Maﬁﬂ/j: v )d2 = L[Naﬂ (W, » WU, oy T™ (u,, W, IW,,51d€2 (45)

}[J(Naﬁi;za B +M¢zﬁ W; saf )d'Q = _;[)[N 74 ("7201 b W:: )ua B +Maﬁ (ﬁ;.a s W;, )W’aﬁ ]d‘Q (46)

ay

for the extensional and flexural problem, respectively. Taking into account the
constitutive relations for both the actual, coupled as well as the fundamental
states, eqns (45) and (46) are transformed to

hun®) =1, (uyu3,) =1, (wy W) = Jow, Wi ) + [ (fLuy, —gw;)d2  (47)
—hwa(€) =1, (u,,1i3,) — 1, (w,w;) = Jow, W) + [ (St —qw;)d2  (48)

where £ = 1 or 1/2, depending on whether P(§) lies within 2 or it belongs to
smooth portions of 7 respectively, and
_ _ow
wWi=w, Wy an
The right-hand sides of eqns (47) and (48) comprise the boundary integrals as
well as a jump term which are defined by the equations

1) = L, ), = g, Ms (49)
1 0vw) =] [V,, 0w = 4,00 201, () 22—, (w’)w}u (50)
Jov, W) = £ [C,(mw, ~C, (w)w,] (51)

where force C; represents the discontinuity jump of twisting moment M, at
corner j and K is the number of corner points along /° Implicit expressions for
the various boundary variables in terms of displacement components have been
given in previous articles on laminate stability analyses [1, 2]. The domain
integrals on the right-hand sides of eqns (47) and (48) depend on the applied
loading and can be easily calculated by either 2D quadrature over the domain or
by converting them to boundary integrals through dual reciprocity.

5 Conclusions

It has been shown that the Fourier transform approach can be very effective in
producing the fundamental solutions of the coupled plate extension-flexure
problem in explicit and compact forms which could be easily evaluated and used
in a BEM analysis of an arbitrarily loaded, finite laminated plate of general shape
and anisotropy. The basis of a BEM formulation has been provided here but
considerable work is still required. This includes the derivation of the additional
kernels that appear in the boundary and domain integrals of eqns (47) and (48),
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dealing with the complexities of boundary modelling and the development of a
numerical algorithm that could be implemented through a computer program.

An initial validation of the derived solutions can be carried out by comparing
their predictions with those of earlier analytical processes and formulas. The
ultimate test for these fundamental solutions would be in the effectiveness of the
corresponding boundary element formulations to provide reliable answers to
practical laminated plate problems. One important type of failure of thin plates in
engineering applications is buckling. The use of the new fundamental solutions
will simplify earlier BEM stability and more general nonlinear analyses of
laminates by removing the necessity of certain domain integrals although those
due to nonlinearity will still remain irreducible.
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