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Abstract 

Based on the Biot’s equations for poroelastic media and the decoupling of fast 
and slow longitudinal waves, the authors obtain the fundamental Green’s 
functions in the frequency domain for the solid and fluid phases subjected to a 
buried point load. The numerical results on drained displacement, drained pore 
pressure and the flux are presented in this paper via Somigliana’s integral and 
Hankel transformation. As an application, the drained flux due to vibroflotation 
in ground treatment in saturated soil is discussed in detail. 
Keywords: drainage, Green’s function, buried point load, saturated soil, 
dynamic response. 

1 Introduction 

Saturated soil is generally described as a poroelastic medium by scientists and 
engineers [1–6] and thus dynamic theory in a poroelastic medium is important. 
While Huang and Zhang [7] used the integral transformation to attack the non-
axisymmetric Lamb’s problem [7], Philippacopoulos [8] obtained the solutions 
of the Lamb’s problem in a two-phase saturated medium via decomposition of 
the potential functions. Jin and Liu [9] derived the three-dimensional dynamic 
response of the poroelastic half-space subjected to a buried point force. In 
previous studies of poroelastic problems, the drainage issue is ignored. However, 
water drainage in saturated soil occurs when a shock load is applied. A similar 
drained phenomenon can also be observed in pile driving and vibroflotation 
during ground treatment. 
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     In this paper, by decoupling the fast and slow longitudinal waves in Biot’s 
poroelastic equation, authors derive the corresponding Green’s functions of the 
solid phases and the fluid phases for the saturated half-space subjected to a 
buried point load in the frequency domain [10–13]. Then by applying drained 
Somigliana’s integral associated with the Hankel transformation [10, 11] and 
ignoring the radial displacement, the drained results from vibroflotation in 
ground treatment have been obtained, including the drained displacement, 
drained pore pressure and flux. Representative figures are presented and 
discussed.  
     We should point out that the solution obtained does not include irreversible 
deformation of the soil during vibroflotation in ground treatment and that the 
radial displacement is also ignored for simplicity. While these two issues will be 
addressed in the future, the results could be useful in analyzing the dynamic 
response with drainage in liquefaction, the drained properties of dynamic 
response for various kinds of foundations in the saturated soil, and the interaction 
of traffic loading and the roadbed in the saturated soil. 

2 Dynamic equations and solutions 

Biot’s dynamic equations of a poroelastic medium under axisymmetric 
deformation and in the frequency domain can be written as [8, 9]: 

  2 2 2 2( / ) / /r r c r f ru u r e r aM r u w                 , (1-1) 

  2 2 2/ / +z c z f zu e z aM z u w               , (1-2) 

 2 2/ / / +f z zaM e r M r u w          , (2-1) 

 2 2/ / / / +f z zaM e r M r u w           (2-2) 

 2
c M      (3-1) 

 2 2
0 0 0i ( ) / ( )a f             , (3-2) 

 
where and  are the Lamé coefficients;  and M the parameters introduced by 

Biot in his investigation of the two-phase saturated medium;  and f  the 

mass density of the two-phase saturated medium and the fluid phase 

respectively, a  the apparent mass density of the two-phase saturated medium; 

ru and zu  the frequency-domain displacement components of solid phase in 

radial and vertical direction respectively, rw  and zw  the frequency-domain 

displacement components of the fluid phase relative to the solid phase in radial 

and vertical direction respectively; 0  the porosity; 0= / dk  with 0 being  

the viscosity coefficient and dk the dynamic permeability coefficient;   the 
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circular frequency; i  the imaginary unit;   the volumetric strain of the fluid 

phase; and e  is the volumetric strain of the solid phase. 
     It is noted that  1u  and 2u  can be defined as the displacement vectors of the 

fast and slow longitudinal wave respectively due to formulas 1 2 u u u  and 

1 1 2 2  u u w  with the decoupling (dynamic) coefficient being 

   2 222 /i f ii M M                    
( 1, 2i ) and w  being the 

displacement vector of the fluid phase relative to the solid phase. The detailed 
definitions and explanations can be found in references [3, 12, 13]. Thus, for the 
volumetric strain of the solid phase, we have / / /i ri ri zie u r u r u z     , and 

for  the volumetric strain of the fluid phase  / / /i ri i ri i ziu r u r u z          . 

It should be noted that summation convention for repeated subscript i  in the 
expression for the volumetric body strain of the fluid phase is implied.  
     From Eqn. (1-1) + Eqn. (1-2), we can find the expressions for the divergence 
of the displacement in the solid phase as follows: 

 2 2 (1) 2 (1)
1 e e    , (4-1) 

  2 2 (2) 2 (2)
2 e e    . (4-2) 

where 1  and 2  are the velocities of fast and slow longitudinal waves 

respectively; (1)e  and (2)e the divergences of the displacements of the fast and 

slow longitudinal wave respectively; and 2  is a Laplace’s operator. We define  

( )vf p  the v -order Hankel’s transformation with respect to the function ( )f r . 

Then, by applying the zero-order Hankel transformation to Eqns (4-1) and (4-2), 
we can obtain the following two equations: 

 
22

12 (1)
1 2

1

( )
( 2 ) 0

2

  
           

f
c

c

d
M p e

dz M

   
   

   
, (5-1) 
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22 ( 2 )
2 2

2

( )
( 2 ) 0

2

  
           

f
c

c

d
M p e

dz M

   
   

   
. (5-2) 

     Then, from [14], the solution of Eqns. (5-1) and (5-2) can be written as 
follows: 

 
(1) (1)(1) (1) (1)

1 2
 a z a ze A e A e   (6-1) 

 
( 2) (1)(2) (2) (2)

1 2
 a z a ze A e A e  (6-2) 

where
1

(1 ) 2 2a p K   , 
2

( 2 ) 2 2a p K   ;
1

K 
and

2
K 

are the fast and slow 

longitudinal wave numbers respectively. The superscripts (1) and (2) are used to 
indicate the fast and slow longitudinal waves respectively. In addition, we have 
[13]: 
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c c
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， . (7) 

     Furthermore, applying the zero-order Hankel’s transformation to the dynamic 
Eqn. (1-2) in vertical direction, we obtain: 

   2 0 2 2 0 0+ / / + /z f z z cu w u e z aM z                (8-1) 

     Noting 1 1 2 2  u u w , we readily have the following formula 

 
 2 0 2 0 0 2 0 0

1 1 2 2

(1)0 (2)0
1 2

+ ( ) / /

+ ( ) /

z f z z z cu u u u e z

aM e e z

       

 

      

  
  (8-2) 

Thus, 

 
   

2 2 2 0 2 2 2 0
1 1 2 2

(1)0 (2)0
1 2

( + ) ( + )

+ / + /

f z f z

c c

u u

aM e z aM e z

         

     

    

        
 (8-3) 

     From Eqn. (8-3) and also considering Eqn. (6), we obtain [14, 15] 

    
 

(1) (1) (2) (2)0 (1) (1) (1) ( 2 ) ( 2 ) (2)
1 2 1 2

2
1 2

+a z a z a z a z
z

bz bz

u a A e A e a A e A e

p R e R e

 



   

 
, (9) 

where 2 2p Kb   , 2 2 2[( / ) ]/fK       with K
 the transverse wave 

number; 1R and 2R are the arbitrary functions corresponding to p . Based on the 

relation  1 0 0 / /r zu e du dz p  , we obtain [14, 15]: 

 
   
 

(1) (1) (2) (2)1 (1) (1) (2) (2)
1 2 1 2

1 2

+

i

a z a z a z a z
r

bz bz

u p A e A e p A e A e

p R e R e

 



   

 
. (10-1) 

     Thus, the displacement of the fluid phase can be derived as 

 
   
 

(1) (1) (2) (2)1 (1) (1) ( 2 ) (2)
1 1 2 2 1 2

3 1 2

+

i

a z a z a z a z
r

bz bz

w p A e A e p A e A e

p R e R e

 



 



   

 
(10-2) 

where 3 /f     [8]. The corresponding expressions of the effective stress 

and pore pressure can be deduced as follows: 
From ( / / )zrw r zt u z u r     , we obtain 

   
   

(1 ) (1 ) (2 )

(2 )

1 (1 ) (1) (1 ) (2 ) ( 2 )
1 2 1

(2 ) 2 2
2 1 2

2 2a z a z a z
zrw

a z b z b z

t p a A e A e p a A e

A e p p b R e R e

 



 



  

   

(11-1) 

     From Darcy’s law wP Me M    , we obtain 

 
   

   

(1 ) (1 )

(2) (2)

0 2 (1) (1)
1 1 1 2

2 ( 2 ) (2)
2 2 1 2

a z a z
w

a z a z

P M k A e A e

M k A e A e





 

 





   

  
. (11-2) 
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     From 2 /zw ze u z      , we obtain 

 

   
   

 

(1 ) (1 )

(2) (2)

0 (1) 2 2 (1) (1)

1 2

( 2 ) 2 2 ( 2 ) (2)

1 2

2

1 2

2 ( )

2 ( )

2

a z a z

zw

a z a z

bz bz

a p A e A e

a p A e A e

p b R e R e

   

  









   

   

 

  

 . (11-3) 

where zrwt is the effective shear stress corresponding to the stress component zrt , 

wP  is the pore pressure and zw  denotes the effective normal stress in the  

z-direction (vertical). 

3 Boundary and interface conditions 

Considering a saturated poroelastic half-space, we divide it into two parts as 
shown in Fig. 1: part A is in ( 0 z z  ) and part B in ( z z  ). The 
superscripts A and B are used to distinguish the upper and lower parts 
respectively. The displacement and stress conditions in the saturated poroelastic 
half-space can be written as 

 A A( ,0) 0, ( ,0) 0zw zrwr t r   , (12-1) 

 A ( ,0) 0zwp r  , (12-2) 

 A B( , ) ( , ) 0z zu r z u r z   , (12-3) 

 A B( , ) ( , ) 0r ru r z u r z    (12-4) 

 A B( , ) ( , ) 0zw zwp r z p r z   , (12-5) 

  A B
0( , ) ( , ) ( )/2zw zwr z r z F r r       (12-6) 

 
A B( , ) ( , ) 0zrw zrwt r z t r z   , (12-7) 

 
A B( , ) ( , ) 0z zw r z w r z   . (12-8) 

 

Figure 1: The system of saturated half-space. 
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     The radiation condition of the waves can be expressed as (1) (2)
2 2 2= = 0.B B BA A R    

     For the vertical buried concentrated force of 0 ( )/2F r r  , we can obtain:  
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1 2

2 2
1 1 2 / 4B bzR F k k e Yb             (18) 

 
(1)(1)B (1)A (1)A 2

1 1 2
a zA A A e   , (19) 

 
(2)(2)B (2)A (2)A 2

1 1 2
a zA A A e     (20) 

 2
1 1 2
B A A bzR R R e    (21) 

where 
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1 2 1

2 2 2 ( 2 ) 2
1 2
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2

2 2 2 (1) 2
2 2 1 4f k h p b a p b          

    
1

2 2 2 (2) 2
1 2 4k h p b a p b         (25) 
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2

1

2 2 2 (1) 2
3 2 1

2 2 2 ( 2 ) 2
1 2

4

4

f k h p b a p b

k h p b a p b





  

  

      
     

 (26) 

    (1) 2 2 (2) 2 2
1 22 ( ) , 2 ( )h a p h a p            (27) 

4 The Green’s functions and the Somigliana’s integration  

By substituting Eqns. (13)–(21) into Eqns. (9)–(11), we can determine the nine 
coefficients as in [3, 12] and [13]. Hence, we eventually obtain the Green’s 
functions for a saturated poroelastic medium. Then, by the inverse Hankel’s 
transform, the Green’s functions can be expressed as: 
     For the solid phase 

   
  

(1 ) (1 ) (2 )

(2 )

(1) (1) (1 ) ( 2 ) ( 2 )
1 2 10

(2) 2
2 1 2 0 ( ) d

a z a z a z
zz

a z b z bz

G a A e A e a A e

A e k R e R e J pr p p

  



   
   

 , (28) 

 
  
  

(1 ) (1 ) (2)

(2)

(1) (1) ( 2 )
1 2 10

(2)
2 1 2 1 ( ) d

a z a z a z
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a z bz bz

G p A e A e p A e

A e pb R e R e J pr p p

  



   


  


  (29) 

     For the fluid phase 
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  (31) 

   (1 ) (1 )2 2 2 (1) (1)
44 1 1 1 20

1 a z a zG M k A e A e
i  


     

    (2) (2)2 2 2 (2) (2)
2 2 1 2 0 ( ) da z a zM k A e A e J pr p p      

 (32) 

     Since in the solutions in this paper, the displacement in the radial direction is 
ignored, the drained displacement 

zu   can be expressed via Somigliana’s 

integration, as in [10, 16]: 

 
0 0 0 0

0 ( ) 0 4 0 ( ) 0 d

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )



 





   

  

  r r r - r r - r r

r r - r r - r r

S

s j zj jk j

i zj i z i z i

z

S

t G u

p G G u

c u
 (33) 

where r  and 0r  are the coordinates of the field and source points respectively, 

the dot above a variable denotes the differentiation with respect to time.  
     Similarly, the drained pore pressure is: 
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     The flux of drainage is [10]: 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) d
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2 2
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j f i f i k j

f j i f ij k

g G G n

G G n

   

    

    

   
 

 (38) 

     The notations kn  and jn  in Eqns. (37) and (38) represent the direction cosine 

of the corresponding vectors with respect to the k  and j -direction respectively. 

jt  denotes the traction. We also should note the summation convention for the 

tensor in Eqns. (33)–(38). Green’s function ( )kj iG  indicates the corresponding 

part of kjG  associated with the fast longitudinal wave (i=1) or slow longitudinal 

wave (i=2), so that 4( ) ( ) 4(1) 1 (1) 4(2) 2 (2)k i i i i k k k kG u G u G u      . In Eqns. (28)–(32), by 

means of the parameters (1)a , ( 2 )a  and b , the corresponding parts associated 
with the fast longitudinal wave, slow longitudinal wave, and transverse wave, 

can be readily identified respectively. The coefficient sc  in Somigliana’s 
integration Eqns. (33) and (34) are 1, because the buried source is in the interior 
of integration domain; dS is the integral element of the surface. The Green’s 
functions are expressed as Eqns. (28)–(32). The integration domain in 
Eqns. (33), (34) and (35) is over free surface of the half-space. 

5 Numerical examples 

In the numerical examples below, the involved parameters are taken as 
λ = 1.29×107Pa and μ = 1. 94×107Pa, the Poisson’s ratio of soil skeleton ν = 0.2, 

α = 0.83, 0  0. 6  , 32700 kg /  ms  ,   3
0 01 =1680 kg /  mf s       ,  

9 2. 10 10  PawE   , 3 1000 kg /  mf  . The concentrated vertical force is applied 

at the depth h=2, 2.5 and 3m respectively. The magnitude of force is fixed at 
F0 = 1000 N. Figs. 2–9 show the numerical results from our solutions, where the 
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unit of the displacement is in millimeters, the unit of pore pressure is in kPa , the 
unit for drainage flux is in Litre/s ( 3(d ) /m s ), and the dimensionless wave 

number is /k ph k  . 

     The drained and undrained soil displacements zu  at fixed field point  

( 1r m , 0h  ) vs. dimensionless wave number k are shown in Fig. 2, where we 

can find that the maximum value of soil displacement zu
 in the undrained 

condition is larger than that in the drained case. Fig. 3 illustrates that the 

undrained displacement of soil zu
 ( 1r m , 0h  ) vs. dimensionless wave 

number k , for the force being applied at different buried depths. Notably, the 

displacement zu  decreases with increasing buried depth. Fig. 4 shows the 

drained displacement of soil zu  ( 1r m , 0h  ) vs. dimensionless wave number 

k for different depths of the force. Fig. 5 illustrates the drained and undrained 

pore pressure wp  ( 1r m , 0h  ) vs. dimensionless wave number 

k respectively, where the maximum value of the undrained pore pressure is 
larger than that of the drained one. Fig. 6 illustrates the undrained pore pressure 

wp  ( 1r m , 0z  ) vs. dimensionless wave number k at different depths of the 

force where the pore pressure decreases with increasing source depth. Fig. 7 

illustrates the drained pore pressure wp  ( 1r m , 0h  ) vs. dimensionless wave 

number k for different depths of the force. It should be noted that the pore 
pressure mentioned in this paper is an increment with respect to the atmospheric 
pressure. Fig. 8 illustrates the flux of drainage ( 1r m , 0h  ) vs. dimensionless 
wave number k for different depths of the force. The flux of drainage decreases 
with increasing source depth. While Fig. 8 is the result in the frequency domain, 
Fig. 9 shows the corresponding result in the time domain via the Fourier inverse. 
It is observed from Fig. 9 that the maximum flux of drainage at the field point 
( 1r m , 0h  ) is 0.05L/s. 
     Vibroflotation in ground soil treatment makes use of the vibration of the 
vibroflot buried under ground to drain water. The vibration of the vibroflot is 
generally simulated by the impulse of sine function or the rectangular 
periodic function (Figs.10 and 14). Thus, the total response can be obtained by 
Duhamel’s integral formula, i.e.: 

 
0

( ) ( ) ( )
t

t F h t d      (39) 

     In Eqn (39) the unit impulse function ( )h t   is the response of the 

displacement, pore pressure or drainage flux in time domain due to the action of 
a unit impulse of ( )t in the poroelastic half-space. Hence, Duhamel’s 
integration Eqn. (39) can be applied to Eqns. (33), (34) and (35) to obtain the 
response of displacement and pore pressure with respect to drainage via 
vibroflotation. 
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Figure 2: The soil displacement zu   at ( 1r m , 0h  ) in drained and 

undrained condition vs. dimensionless wave number .k  

 

Figure 3: The undrained displacement of soil zu   at ( 1r m , 0h  ) vs.  

dimensionless wave number k for different depths of the force. 

 

Figure 4: The drained displacement of soil zu   at ( 1r m , 0h  ) vs. 

dimensionless wave number k for different depths of the force. 

 

Figure 5: The porous pressure of soil p  at ( 1r m , 0h  ) in drained and 
undrained condition vs. dimensionless wave number k . 
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Figure 6: The undrained pore pressure of soil p  at ( 1r m , 0h  ) vs. 

dimensionless wave number k for different depths of the force. 

 

Figure 7: The drained porous pressure p  at ( 1r m , 0h  ) vs. 

dimensionless wave number k for different depths of the force. 

 

Figure 8: The flux of drainage at ( 1r m , 0h  ) vs. dimensionless wave 
number k for different depths of the force. 

 

Figure 9: The drainage flux at ( 1r m , 0h  ) vs. time when the force is 
applied at a depth of 2m below the surface. 
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     We first assume that the vibration load of the vibroflot is stimulated by a sine 
function F = F0sin (t) with the magnitude F0 = 10KN (Fig. 10) and it is located at 
a depth of 2m below the surface. Shown in Fig. 11 is the drainage rate on the 
surface at r=1m for a period. It is observed that the maximum drainage rate is 
5.57L/s. The drainage flux at the same period is shown in Fig. 12 with the 
maximum being 18.58 L . Fig. 13 shows the corresponding result for 10 min. 
where the maximum is 70.40 L . 
     The vibration load of the vibroflot can be also stimulated by the rectangular 
periodic function with magnitude F0 = 10KN  (Fig. 14) also located at a depth of 
2m below the surface. The drainage rate on the surface at r=1m for a period is 
shown in Fig. 15 with the maximum rate being 5.67L/s. The drainage flux is 
shown in Fig. 16 for a period with the maximum being 15.18 L and Fig. 17 for 
10 min. with the maximum being 86.68 L . 

 

Figure 10: The sinusoidal periodic load for vibration simulation of vibroflot. 

 

Figure 11: The drainage rate under the sinusoidal periodic load 
within a period. 

 

Figure 12: The drainage flux under the sine periodic load within a period. 
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Figure 13: The drainage flux under the sine periodic load for 10 minutes. 

 

Figure 14: The rectangular periodic load for vibration simulation of vibroflot. 

 

Figure 15: The drainage rate under the rectangular periodic load 
within a period. 

 

Figure 16: The drainage flux under the rectangular periodic 
load within a period. 
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Figure 17: The drainage flux under the rectangular periodic load for 10 
minutes. 

6 Conclusion 

The Green’s functions of a poroelastic medium in the solid phase and fluid phase 
subjected to a buried load are derived and applied to estimate the drainage-
related issues for in saturated soil, with special application of vibroflotation in 
ground treatment. We point out that since the drained computation in this paper 
is derived by based on the Biot’s equation and dynamic Darcy’s law, the 
irreversible deformation effect of the vibroflotation is not accounted for. 
Additionally, the assumption on the axisymmetric deformation and further on 
neglecting the radial displacement may not be reasonable in ground treatment 
with vibroflotation. Nevertheless, the model presented in this paper may be 
useful in geotechnical engineering and geodynamics where drainage is involved. 
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