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ABSTRACT

Modeling and analyzing multi-story buildings is an important part of structural engineering. Typically,
this analysis is carried out using the finite element method by assembling the stiffness matrices of the
floor elements and the vertical supporting elements at the intersecting nodes. Any consideration of soil-
structure interaction (SSI) is often simplified using a Winkler model. However, the procedure for
modeling practical buildings of complex geometries using the finite element method can be
cumbersome. Alternatively, a new formulation that is based on the boundary element method (BEM)
is presented that provides a seamless procedure for modeling practical buildings as the discretization of
the floors is done at the floor perimeter and SSI is modeled using an elastic half space (EHS) model.
The stiffness matrices of the slab and raft are generated using the BEM by introducing an additional
collocation scheme at their intersection with the columns and the underlying soil. Columns are modeled
as skeletal frame elements and the floors are considered as rigid diaphragms in their planes. Soil is
modeled as an EHS and its stiffness matrix is derived based on the Bousinessq solution of an elastic,
isotropic, homogenous, and infinite thickness half space. Assembly of the overall building stiffness
matrix is carried out using the well-known assembly procedure associated with the stiffness analysis
method. The proposed methodology is validated by comparing the results against the more traditional
finite element approach. An illustrative example is solved showing agreement of the results between
the proposed methodology and the finite element method.

Keywords: boundary element method, elastic half space, soil-structure interaction, multi-story
buildings, stiffness analysis.

1 INTRODUCTION
There is a need to develop robust techniques for modeling and analyzing multi-story
buildings. This need provides an opportunity for the use of the boundary element method, as
a meshless technique, in modeling multi-story buildings while accounting for soil-structure
interaction. Multi-story buildings consist of horizontal elements (e.g., slabs, beams, etc.) and
vertical elements (e.g., columns, walls, etc.). The horizontal and vertical elements are
supported above the ground by the foundation (e.g., raft, isolated footings, etc.).

The boundary element formulation of a flat plate supported by columns only is presented
in [1]. Many researchers also worked on modeling a flat plate supported by beams using the
boundary element method either based on Kirchhoff-Love plate theory [2], [3] or Mindlin—
Reissner plate theory [4], [5]. Edge beams are considered in the formulation presented by [2],
[6] while in [5], [7] beams are modeled as a plate region with different thickness and material
properties. In [4], a practical boundary element formulation is presented that can account for
beams with any arbitrary configuration.

The problem of soil-structure interaction has been investigated extensively over the past
few decades [8]-{12]. The analysis of a Mindlin—Reissner plate on an elastic half space
(EHS) is presented in [8]. This analysis has been extended in [9] to account for the non-
linearity of the soil using an iterative procedure. A similar approach is presented in [10] to
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solve for a tensionless foundation. The analysis of the piled raft is presented in [11] where
the pile-soil-raft interaction is considered.

In this work, a comprehensive methodology for the analysis of multi-story buildings
including soil-structure interaction is presented. The presented methodology combines the
use of the boundary element method to model the slabs and foundation raft, the elastic half
space to model the underlying soil, and the stiffness analysis method. The presented
methodology is applied to a three-story building and the results are validated using the finite
element method.

2 STIFFNESS ANALYSIS OF MULTI-STORY BUILDINGS
Stiffness analysis has been widely used to analyze multi-story buildings under various
loading conditions. The analysis applies Hooke’s law which is stated as follows:

{P} = [K]{u}, (D

where {P} is the loading vector; {u} is the displacement vector; and [K] is the total stiffness
matrix.

The total stiffness matrix [K] for the structure shown in Fig. 1 is obtained by assembling
the stiffness matrices of the slabs, columns, raft, and soil. Columns are modeled using frame
elements and their stiffness matrices are obtained as described in [13]. The slabs and raft are
modeled using the Mindlin—Reissner plate bending theory while the supporting soil below
the building raft is modeled as an elastic half space.
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/
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/

Figure 1: Schematic of the multi-story building under consideration.
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3 SOIL STIFFNESS MATRIX
The soil below the raft is modeled as an elastic half space (EHS), Fig. 2, and the stiffness
matrix of the elastic half space is estimated as follows:

[Keus] = [Feus]™, @)

where [Fgy] is the flexibility matrix of the elastic half space.

Elastic Half Space

Figure 2: Raft on elastic half space.

The coefficients of [Fgys] are calculated based on the Bousinessq solution [14] which
provides the displacement of a point (j) lying on the surface of an elastic, isotropic,
homogenous, and infinite thickness half space due to a concentrated unit load at point (i),

1-v

fij = Vi#], (€))

- ZTIGT'ij

where fi]. represents the coefficients of [Fgys]; v is the Poisson’s ratio; G = E/2(1 + v) is

the modulus of rigidity; E is the modulus of elasticity; and r;; is the distance between the
loading point (i) and the displacement point (j).

It should be noted that calculating the diagonal terms of [Fgys] using eqn (3) (i.e.,
calculating the displacement at the concentrated load point) will lead to a singularity. This
singularity is handled by replacing the concentrated load with an equivalent pressure that is
distributed over the i™" cell area (B; x L;) [8].

_ Ri(1-v)
TGB;

fii : “

where R, is the rectangularity factor of the i*" cell which is calculated as follows:

R;=In [ﬁi_ﬁi(l + ‘/T'Biz)ﬁi(ﬁi * m)]’ ©

where B; = B;/L; is the rectangularity ratio.
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4 MINDLIN-REISSNER PLATE STIFFNESS MATRIX
The building slabs and raft are modeled using the Mindlin—Reissner plate bending theory.
The boundary element method is used to solve the Mindlin—Reissner plate problem in order
to generate the slabs’ and raft’s stiffness matrices.

4.1 Boundary integral equation for a plate with internal supports

Figs 3 and 4 show a boundary element model for a slab and raft, respectively. The indicial
notation is used in this section where the Greek indices vary from 1 to 2 (to denote the x and
y directions) and Roman indices vary from 1 to 3 (to denote the X, y, and the z directions).
Slabs are modeled using Mindlin—Reissner plate bending theory where I" and {2 are the slab
boundary and domain, respectively. The intersection area between the plate and the internal
supports (i.e., columns and soil) are called supporting cells. Each supporting cell has a node
located in its centroid. The direct boundary integral equation for a slab with supporting cells
can be written as follows [4]:

Cij(®uw; () + fp(x) T (& x)u;(x) dI' (x) — fp(x) Ui (& x)t;(x) dlr (x) =
v o [Uik® ) = 7577 Viaa (& )83 | Fe()d(5)], ©)

where Cj; is the jump term; & is the source boundary point; X is the field point; T;; and U;;
are the fundamental solution kernels for traction and displacement, respectively; t; and u; are
the boundary generalized traction and displacement, respectively; Ny is the number of
supporting cells; s is the centroid of the supporting cell; £2(s) is the domain of the supporting
cell; v is the Poisson’s ratio; A is the shear factor; Fj is the interaction force between the
supporting cell and the plate per unit area.

X E Boundary Element
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supporting cell)
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Figure 3: Slab boundary element discretization.
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Figure 4: Raft boundary element discretization.

The plate boundary, Figs 3 and 4, is discretized into N, quadratic boundary elements.
Then, the traditional collocation procedure is carried out at each boundary node which leads
to the following matrix form of eqn (6):

[AGE, ¥)]3nxan{u/t(X)}snx1 = [BE, S)]3Nx3NS{F(S)}3NSx1a (7

where [A(%,x)] and [B(&, s)] are the coefficient matrices obtained from the left hand side
and right hand side of eqn (6), respectively; {u/t(x)} is the vector of the unknown boundary
displacements or tractions; {F(s)} is the vector of the forces at the supporting cells; N is the
number of the boundary nodes which equals 2N,.

The unknowns in eqn (7) are {u/t(x)} and {F(s)}. The number of unknowns (3N + 3Nj)
in eqn (7) is greater than the number of equations (3N). A solution strategy that is based on
an additional collocation scheme pattern is proposed to solve eqn (7).

4.2 Solution strategy

The solution strategy uses an additional collocation scheme between the centroid of the
supporting cells (s) as the source point and the slab boundary (x) as the field point.

U (8) + [ Ty (8,01, GOAT () = [ Uy (5, 04,(0dl (%) = Ew [fn(s) [Uik(s, s) —
m Uig,a (S, 5)53](] Fk(S)d.Q(S)]. ®)

Eqn (8) is then written in the following matrix form:

{u(s)}znx1 + [A(S, ) 3nx3n {0/t I3n,x1 = [B(S, $)]angxan F(S)}sngx1>  (9)
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where [A(s,x)] and [B(s, s)] are the coefficient matrices obtained from the left hand side
and right hand side of eqn (8), respectively.

The additional collocation scheme generates additional equations that are combined with
eqn (7) to balance the number of equations with the number of unknowns as follows:

[AG X)]snvxsv  —[B(, S)]3N><3NS
[A(s,x)] 3Ngx3Ns [B(s,s)] 3Ngx3Ns

{{u/t(x)}wm}_{ Osnx1 } (10)

{F(S)}3Nsx1 B _{u(s)}3N5><1

4.3 Stiffness matrix generation

The slab and raft stiffness matrices are obtained by setting each generalized displacement in
{u(s)} that corresponds to the degrees of freedom at the supporting cells to unity (one at a
time). Eqn 10 is then solved. The resulting {F(s)} represents a column (or row) in the slab or
raft stiffness matrix. The following equation summarizes this process:

[AG X)]svxsv  —[B(, S)]3N><3NS ] {[“/t(x)]swas} _ {03N><3N5} an

[A(S'X)]3NS><3NS —[B(S'S)]3N5x3NS [Kslab]3N5X3Ns | ETVRETA

where I is the identity matrix; and Kg;,, is the slab stiffness matrix.

5 APPLICATION
In this section, the presented methodology is applied to analyze the multi-story building
shown in Fig. 5. Analysis results are then compared with the finite element method (FEM)
to validate the presented boundary element method approach.

Figure 5: Structural system of the multi-story building.
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5.1 Model description

The considered multi-story building consists of three levels as shown in Fig. 5. Dimensions
of the slab are 5 X 5 m? and its thickness is 0.25 m. The slabs are supported by four columns
which have a cross-section of 0.5 X 0.5 m2. The four columns extend from the top slab to
the raft which is 7 X 7 m? and its thickness is 0.8 m.

The material used for the slabs, columns, and raft is concrete (E = 2.5 X 10° t/m? and
v = 0.2). The modulus elasticity of the soil is 103 t/m? while the Poisson’s ratio is taken as
0.2. The three slabs are loaded with a uniform load of 1.6 t/m?2.

The boundary element models of a slab and raft are shown in Fig. 6. Fig. 7 shows the
finite element model used to validate the results from the presented methodology [15]. The
slabs and raft are modeled using Reissener plates, columns are modeled using frame
elements, and the soil is modeled using solid elements. The size of the modeled soil block is
27 X 27 X 14 m3.

5.2 Results and discussion

Figs 8 and 9 compare the deflection (u3) obtained from the presented boundary element
method approach and that from the finite element model for the top slab and the raft,
respectively. The maximum deflection of the raft in the FEM is 19 mm which is around 5%
less than the maximum deflection in the BEM (20 mm). For the top slab, the difference
between the maximum and minimum deflection is 0.2 mm in the BEM which matches the
results from the FEM with less than 1% difference.

Figs 10 and 11 compare the bending moment (M, ;) obtained from the BEM and the FEM
for the top slab and the raft, respectively. The maximum negative moment, M4, for the
middle of the top slab in the BEM is —0.731 t. m which is approximately 1.5% larger than
the FEM (—0.72 t. m). The maximum positive, M, {, for the top slab (at the column edge) in
the BEM is 1.2 t. m which is 4% less than the FEM (1.25 t.m). For the raft, Fig. 11,
maximum negative and positive M, in the BEM and FEM vary within 2—5% as well. These
results validate the presented methodology as they show agreement between the BEM and
the FEM.
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Figure 6: Boundary element model. (a) Slab; and (b) Raft.
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Figure 7: Three-dimensional finite element model for the building and the supporting soil.

(a) (b)

Figure 8:  Top slab deflection (u3). (a) Presented methodology; and (b) Finite element
method.
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Figure 9: Raft deflection (u3). (a) Presented methodology; and (b) Finite element method.
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Figure 10: Top slab bending moment (M;,). (a) Presented methodology; and (b) Finite
element method.

6 CONCLUSIONS

This paper presents a methodology for the analysis of multi-story buildings including soil-
structure interaction. The slabs and raft are modeled using a Mindlin—Reissener plate and
their stiffness matrices are obtained using the boundary element method. Columns are
modeled as frame elements and the soil is modeled as an elastic half space. The interaction
between the soil and the building raft is handled using an internal support BEM-based
formulation for the Mindlin—Reissener plate. Finally, the stiffness matrices of all building
elements as well as the soil are assembled using the well-known technique of stiffness
analysis method. The presented methodology is validated by comparing its results against the
finite element method.
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Figure 11: Raft bending moment (M;,). (a) Presented methodology; and (b) Finite element

method.
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