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ABSTRACT
Application of CFRP composite materials is a popular method of strengthening reinforced concrete 
members. Wrapping columns with these materials is used in seismic retrofi ts because of the increase 
in the strength and ductility of concrete, and therefore, of the column itself. This is particularly ben-
efi cial for compression-controlled columns that fail by concrete crushing due to the fact that ductility 
and strength of the member is signifi cantly improved. For the design of columns, interaction diagrams 
are used which defi ne the maximum capacity of compression members that are subjected to axial 
force and bending moments. This work includes the development of interaction diagrams for circular 
compression members confi ned with CFRP composites. The concrete confi nement can be light (low 
confi nement pressure) or heavy (high confi nement pressure). In this paper, three levels of confi nement 
are evaluated: (a) zero confi nement, (b) light confi nement with the use of a CFRP composite grid, and 
(c) heavy confi nement with the use of CFRP composite wraps with two different thicknesses of the wrap. 
A comparison of the unconfi ned section to the light and heavily confi ned sections shows a considerable 
difference primarily in the compression-controlled region where the axial compression and bending 
moment are signifi cantly enhanced. The balance point for both light and heavy confi nement has moved 
higher up on the interaction diagram, which changes the range of the compression and tension zones. 
This is evident for both light and heavy confi nement. Also, the failure mode of compression-controlled 
columns is more ductile because of the change in the behavior of concrete due to confi nement.
Keywords: CFRP, Confi nement, Interaction Diagram, RC Section Strength.

1 INTRODUCTION
Confi nement of concrete is an important factor that can change the failure mode of columns 
due to the increase in ductility of confi ned concrete. When columns with no confi nement fail 
in a compression-controlled mode (failure by concrete crushing), they exhibit non-ductile 
behavior, while columns with confi nement exhibit ductile behavior even when failing by 
concrete crushing. 

The analysis of concrete columns using an analytical solution is not an easy task. As a 
result, the analysis of columns is based primarily on the development and use of interaction 
diagrams and the plot of the load condition in order to defi ne failure of the section. Normally, 
the confi nement for compression members made from reinforced concrete is provided either 
by ties or spirals. However, other methods and materials are used in the later years, which can 
provide increased confi nement, and thus satisfy the requirement for increased ductility. The 
column wrapping with carbon-fi ber–reinforced polymers (CFRP) composites is a popular 
alternative for improving the ductility and strength of the concrete material, and thus the 
seismic resistance of columns. The increased strength of concrete due to the confi nement 
provided by the CFRP composite material is usually ignored or not taken into account on the 
development of interaction diagrams for new members. This work attempts to investigate and 
present the effect of confi nement on the interaction diagrams of sections confi ned by CFRP 
composite materials.
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Fiber fabrics and prefabricated fi ber-reinforced polymer (FRP) composite jackets or tubes 
cover the entire area of the concrete element, and therefore cannot be embedded in concrete 
but rather applied on the outside surface of the member. Another technique is the use of a 
CFRP composite grid by Michael et al. [1]. The carbon grid has approximately 69% open 
surface area allowing the grid to be embedded in the concrete. Light grids are easily formed 
into a round shape and can provide more effective confi nement than wraps that are forced to 
follow the column cross-section, which might be square or rectangular.

The work presented herein refers to a numerical procedure for the development of interac-
tion diagrams of concrete sections that are confi ned with CFRP and provide a comparison 
with similar sections without confi nement. Three levels of confi nement are used and com-
pared to the unconfi ned section. The zero confi nement level is the section without any 
confi nement reinforcement, which is used as the control section for comparison purposes. 
The second level is light confi nement to concrete using a light CFRP composite grid, a tech-
nique used by Michael et al. [1]. The third level is heavy confi nement to concrete using CFRP 
wraps. Two different thicknesses of the CFRP composite wrap are evaluated.

1.1 Approximate analyses for columns

A search in the literature reveals a number of numerical approximations for the development 
of such diagrams. In the three-dimensional case, these methods rely on using single-axis 
bending response in the two principal directions for the approximation of the biaxial bending. 
Some of these methods are:

• The Bresler load contour method [2]

 • The Bresler reciprocal load method [2]

 • The PCA load contour method [2]

 • The Weber design charts [3]

1.2 Confi ned concrete

Confi nement can improve both the compressive strength and ductility of concrete. Steel has 
typically been used to confi ne the concrete in reinforced concrete columns. Steel can be inter-
nal reinforcement, usually used as a spiral or ties, or it can be external such a steel jacket that 
is bonded to the outside face of the column. When FRP materials became widely available in 
the civil sector, they started replacing steel as external confi nement reinforcement. One of the 
primary applications of FRP materials is retrofi t of concrete elements, primarily columns, to 
improve their ductility. This is done mainly in seismic regions where concrete structures expe-
rience large deformations. Column wrapping improves the strength and ductility of the 
concrete and improves its performance under earthquake loads. Xiao and Wu [4,5] wrapped 
concrete cylinders using various materials and methods. Some were wrapped with carbon fi ber 
fabrics, while others were wrapped with glass fi ber fabrics. They also wrapped cylinders using 
a machine that tightly wound carbon fi bers around the cylinders. The results showed a signif-
icant improvement both in strength and ductility. Lam and Teng [6], Li, Lin, and Sung [7], and 
Harries and Kharel [8] wrapped cylinders with carbon fabrics and observed similar results as 
Xiao and Wu. Li and Hadi [9] and Campione and Miraglia [10] tested round concrete columns 
wrapped with either glass or carbon fi ber fabric sheets in a polymer matrix. In doing so they 
improved the ductility of the columns. Campione and Miraglia [10] also wrapped, in the same 
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manner, square columns and square columns with round corners with the same results. It was 
found that the round shape is the most effective shape for confi nement, while the square with 
sharp corners is the least effective of the three. Teng, Sotelino, and Chen [11] wrapped bridge 
columns in the fi eld using FRP wraps. Laboratory specimens were also tested with the col-
umns exhibiting a ductile behavior. Shahawy, Mirmiran, and Beitelman [12] tested standard 
concrete cylinders wrapped with carbon fi ber fabrics in an epoxy matrix. The results varied 
depending on the number of carbon layers applied. For an unconfi ned concrete strength of 
41.4 MPa the confi ned strength of cylinders was increased to 70 MPa for the one-layer wrap 
and 110 MPa for the four-layer wrap. The ultimate strain for the one-layer wrap was 
0.007 mm/mm and that for the four-layer wrap was 0.016 mm/mm. Prefabricated FRP tubes 
can be fi lled with concrete and serve at the same time as formwork, fl exural reinforcement, and 
confi nement reinforcement. Davol, Burgueno, and Sible [13] tested prefabricated round shells 
fi lled with concrete in fl exure with satisfactory results. The concrete-fi lled FRP shells exhi-
bited a ductile behavior. Michael, Hamilton, and Ansley [1] used a light CFRP composite grid 
to confi ne concrete. Through a series of cylinder tests they found that the grid provides light 
confi nement to concrete. The crushing strain of confi ned concrete was twice as high compared 
to the unconfi ned concrete tested. Michael, Hamilton, and Ansley [1] used the CFRP compos-
ite grid in a series of fl exural members and noted improvements in member ductility of more 
than 30% with minimal confi nement reinforcement.

2 INTERACTION DIAGRAMS
The interaction diagram (Fig. 1) is a graphical representation of the ultimate capacity of a 
column subjected to axial load (Pn) and uniaxial bending (Mn). The interaction diagram 
depends on the concrete cross-sectional area, the material properties (stress and strain) and 

Figure 1: Representation of the interaction diagram.
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also the amount and distribution of reinforcement. Therefore, each concrete section with a 
specifi c reinforcement distribution is characterized by a unique interaction diagram repre-
senting failure as crushing of concrete at the maximum compressive strain. After the 
determination of design loads (P, M), three possible load conditions plotted as points can be 
defi ned once the interaction diagram for a section is obtained:

• The load condition coincides with the interaction diagram curve: represents the limit state.

 • The load condition falls inside the interaction diagram curve: causes no failure in the 
 section.

• The load condition falls outside the interaction diagram curve: causes failure in the  section. 

The interaction diagrams can also be extended to three-dimensional surfaces to account for 
biaxial bending. The principle regarding the load conditions remains the same. 

3 REQUIREMENTS FOR THE DEVELOPMENT OF INTERACTION DIAGRAMS
The following conditions, assumptions and limitations, defi nition of the stress versus strain 
relations of the material as well as defi nition of the plastic centroid of the section are required 
for the development of interaction diagrams. 

3.1 Conditions

Following conditions must be satisfi ed in the development of interaction diagram.

• Force equilibrium

 • Strain compatibility

 • Stress vs strain relationships

3.2 Assumptions and limitations

The following assumptions and limitations are applied.

• Plane sections remain plane

 • The strain in the reinforcement is the same as that of the adjacent concrete interface

 • The contribution of the tension zone to the bearing capacity of the section is neglected

 • Failure occurs in the concrete at maximum compressive strain

3.3 Stress vs strain properties

In this section, the stress–strain relationships for the materials are presented. The sections 
that are examined refer to reinforced column sections without any confi nement and then 
compared to similar sections that are confi ned with CFRP.

3.3.1 Concrete
The   stress–strain relationship in the concrete that is used in this work is represented by the 
parabola defi ned by Hognestad, as this is defi ned in the literature [14]. The tensile part of the 
graph is neglected. In order to defi ne the curve it is required to have the concrete strength 
(f ′c), the strain at peak stress, eo, and the concrete modulus of elasticity (Ec). 
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3.3.2 Steel
The stress–strain relationship is assumed to be elastic-plastic, and it is the same in tension 
and compression [14]. In order to defi ne this curve, it is required to defi ne the steel yield 
stress (fy) and the modulus of elasticity of steel (Es).

3.3.3 CFRP composite grid
Column wrapping with CFRP composites is a popular alternative for improving the seismic 
resistance of columns. Fiber fabrics and prefabricated FRP composite jackets or tubes cover the 
entire area of the concrete element, and therefore cannot be embedded in concrete. The carbon 
grid has approximately 69% open surface area allowing the grid to be embedded in the concrete. 
Light grids are easily formed into a tubular shape and can provide more effective confi nement 
than wraps that are forced to follow the column cross-section, which might be square or rectan-
gular. This is a new technique that requires investigation of the level of confi nement provided by 
the grids. While there are a number of analytical models available, it is important to conduct 
testing on concrete samples confi ned with the light grids to confi rm a model that will accurately 
predict concrete behavior for this specifi c case. Carbon grid properties are essential to any model 
to determine concrete behavior, which needs to be determined through testing.

The CFRP composite grid tested in this program was fabricated from carbon fi bers embed-
ded in an epoxy matrix. It was supplied in the form of rolls that are 1.041 m wide and 274.32 
m long. The strand spacing in the longitudinal direction was 45.7 mm and in the transverse 
direction 40.6 mm. The CFRP grid had an openness of 69%, which means that only 31% of 
the surface area was covered by the carbon fi bers.

Tensile properties of the grid were determined by testing two strands of rectangular cross 
section from each direction using the specimen confi guration shown in Fig. 2(a). Each end of 

 Figure 2: (a) CFRP grid stand specimen in the testing apparatus, and (b) Test set-up for the 
tensile testing of the grid strands.

(a) (b)
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the strand was embedded into a short section of steel pipe, up to 102 mm. The pipe was fi lled 
with an expansive grout leaving a free length of 202 mm. Two foil strain gauges were placed 
near the middle of the free length of the specimen. Steel angles welded to the opposing ends 
of the pipe anchors were used to attach the specimen to the loading apparatus (Fig. 2(b)). The 
loading apparatus consisted of a hydraulic actuator mounted to a stiff steel frame in which 
load was measured with a ring load cell. The average load rate for the specimens was 145 N/s, 
with data acquired approximately every half second.

Table 1 shows the results of the tensile tests. Strands taken from the longitudinal direction 
are designated longitudinal (L) and strands taken from the transverse direction are designated 
transverse (T). All specimens ruptured at peak load. Three specimens ruptured away from the 
anchor and only one close to the anchor. All specimens ruptured at an interception of a lon-
gitudinal and a transverse strand. The average peak load per strand was 4.2 kN and is 16.7% 
lower than the load provided by the manufacturer (4.9 kN). The average cross-sectional area 
was 6.26 mm2. The average strength was approximately 695.5 MPa and the average tensile 
modulus 64.5 GPa. The strength of each specimen was calculated by dividing the peak load 
by the cross-sectional areas, while the modulus was determined by a linear regression of the 
stress–strain data (Fig. 3). The average of the two strain gauges was used as the strain for each 

Figure 3: Stress–strain curves of CFRP grid strands tested.
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Table 1: Results from tensile tests of CFRP grid strand specimens.

Specimen
Grid roll 
direction

Area 
(mm2)

Peak load 
(kN)

Strength 
(MPa)

Modulus 
(GPa)

T1 Transverse 7.91 3.74 473 53
T2 Transverse 5.86 5.10 870 59
L1 Longitudinal 6.08 4.11 676 67
L2 Longitudinal 5.18 3.96 764 79
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stress level. The data shown in Fig. 3 do not extend to the rupture strength of the specimen 
because the strain capacity of the strain gauges was exceeded.

Although insuffi cient tests were conducted to reveal statistical signifi cance, some indica-
tion of strength consistency can be determined from the test data. The coeffi cient of variance 
(COV) for the strength was 24%, while that for the tensile modulus 17%. Both COVs are high 
and can be attributed to the variability between the CFRP strands. Some strands have a thick 
layer of epoxy resin covering them, which resulted in a lower fi ber volume fraction. Accord-
ing to the manufacturing company (TechFab), strands in both the longitudinal and transverse 
direction have the same capacity. Our tests indicated a 9% higher capacity for the transverse 
strands compared to the longitudinal strands but that was attributed to the high variability and 
the small number of specimens in each direction.

Nine standard (152 mm × 304 mm) cylinders were cast. Two layers of grid, formed into 
concentric tubular confi gurations and held with plastic ties, were cast into six of the speci-
mens, while the remaining three cylinders were cast without reinforcement. The cylinders 
with the CFRP grid were designated as grid cylinders. The grid cylinders were divided into 
two groups (three cylinders in each group), with each group having a different grid diameter. 
The CFRP grid for the fi rst group was formed into a tubular confi guration that was approxi-
mately 290-mm long with a diameter of 133.4 mm and the second grid cylinder group had a 
diameter of 139.7 mm. Two layers of the grid were applied with the grid lapping the two 
layers for an additional 180 mm for development purposes. The grid openings were aligned 
to facilitate the fl ow of concrete through the grid. The CFRP grid round tubes were placed 
inside plastic cylinder moulds and concrete was added.

A Class II standard Florida Department of Transportation (FDOT) bridge deck concrete 
mixture was used to make the cylinders. The specifi ed minimum compressive strength of this 
concrete at 28 days is 31 MPa. Concrete was sampled as per ASTM C172 [15]. Both the 
control and grid cylinders were cast in the fi eld according to ASTM C31 [16], except that they 
were ambient cured rather than moist cured. 

All concrete cylinders were allowed to cure in the fi eld inside the plastic mould for approxi-
mately one month and were then taken to the laboratory where they remained until two weeks 
before testing. At that time, they were removed from their moulds and sulfur cement caps 
were placed on each end. The total curing time for all cylinder specimens was 125 days.

Nine cylinders (three controls and six grids) were tested in displacement control mode in 
order to capture the post-peak behavior of the specimens. Three control cylinders were tested 
in load control mode using a cylinder tester since no signifi cant post-peak behavior was 
expected.

The smallest rate that the loading frame could handle was approximately 1.5 mm per 
 minute that resulted in a load rate of approximately 0.73 MPa per second. This load rate is 
approximately two times higher than the maximum load rate allowed by ASTM C39 [17]. 
Therefore, the specimens were loaded faster than the recommended rate.

Two Linear Variable Displacement Transducers (LVDTs) were used to continuously record 
the length change of the specimens as load was applied. The two LVDTs were placed on 
opposing sides of the cylinder to determine the average length change of the cylinder speci-
men. Load and movement data from the loading head as well as data from the LVDTs were 
collected using a data acquisition program at a rate of 50 Hz. This high rate was necessary to 
capture the post-peak behavior of the cylinders.

The average strength for the control cylinders tested in displacement control mode was 
47.8 MPa and the COV 2%. Table 2 presents the results from the control cylinders. The con-
trol cylinders did not exhibit any signifi cant post-peak behavior but rather crushed after 
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reaching the peak load. Typical control cylinder types of fracture were: (a) cone and split and 
(b) cone and shear. A control cylinder after testing can be seen in Fig. 4(a). The stress–strain 
curves for the control cylinders are depicted in Fig. 5. The fi rst control cylinder after reaching 
its peak load lost approximately half of its strength almost immediately, but did not fall apart 
and continued to carry load contrary to the other two control cylinders that lost all load car-
rying capacity abruptly soon after peak load.

The average strength of the grid cylinders was 52.9 MPa with a COV of 8.6%. Table 2 
contains results from all grid cylinders. Grid cylinders typically failed when CFRP grid 

Figure 4: Typical Tested Cylinders: (a) Control, and (b) Spalled Concrete Cover (12 mm) and 
Ruptured CFRP Grid Strands (Indicated by Arrows).

(a) (b)

Table 2: Results of grid cylinders tested in displacement control mode.

Type

Grid 
diam. 
(mm)

Peak 
load 
(kN)

Strain at 
peak load 
(mm/mm)

Conc. 
core area 

(mm2)

Peak 
stress 
(MPa)

Aver. 
Stress 
(MPa)

COV 
(%)

Control 1 N/A 854.8 0.00251 18241 46.9 47.8 2
Control 2 N/A 853.2 0.00232 18241 48.8
Control 3 N/A 870.6 0.00236 18241 47.7
Grid 1 133.4 820.8 0.00281 13966 58.8 52.9 8.6
Grid 2 133.4 650.7 0.00200 13966 46.6
Grid 3 133.4 792.6 0.00256 13966 56.8
Grid 4 139.7 743.5 0.00279 15328 49.6
Grid 5 139.7 775.9 0.00256 15328 51.8
Grid 6 139.7 803.7 0.00279 15328 53.7
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strands ruptured. As expected, the concrete cover spalled off the grid specimens before the 
peak load was reached, but the cylinders maintained most of their load carrying capacity until 
grid strands started rupturing, which took place in a sequential rather than an abrupt manner. 
The carbon fi bers in the CFRP grid are embedded in an epoxy matrix that creates a smooth 
surface on the outside faces of the CFRP strands, which may have contributed to spalling. 
A grid cylinder after testing with ruptured hoop CFRP grid strands can be seen in Fig. 4(b). 
The stress values for the grid cylinders were calculated based on the area of the concrete core 
enclosed by the CFRP grid and the axial strain was calculated as the average change in the 
length, measured by the two LVDTs, of the cylinder over the original length.

The post-peak behavior of the grid cylinders was different compared to the control cylin-
ders. Grid cylinders reached higher peak loads and accommodated larger displacements than 
the control cylinders. This is especially evident in Fig. 6 where typical experimental stress–
axial strain curves from both control and grid specimens were plotted. The area under the 
post-peak curve of the grid cylinders was approximately three times larger than the area of 
the control cylinders.

All grid cylinders reached a peak axial load followed by a descending post-peak curve. 
Other researchers observed such a behavior in lightly confi ned concrete. Harries and Kharel 
[8] made similar observations for their one- and two-ply E-Glass confi ned cylinders. Sfer 
et al. [18] studied the behavior of concrete under triaxial compression and found that their 
axial stress–strain curves at low confi ning pressures had a descending post-peak curve. The 
increase in the concrete strength was between 10% and 20%, which compares to the 11% 
increase observed for our cylinders. In the case of CFRP grid, confi ned concrete even with 
two layers of concrete is still considered lightly confi ned since the two CFRP grid layers add 
up to less than one layer of carbon fi ber fabric when the CFRP grid strand thickness is spread 
uniformly over the surface area of the concrete core. In addition, the strength and modulus of 
the CFRP grid was found to be lower than typical carbon composites, which further reduces 
its confi nement effectiveness. Therefore, the post-peak behavior observed for the CFRP grid 
cylinders verifi es the observations made by Harries and Kharel [8] and Sfer et al. [18]. 

Figure 5: Stress–strain for control cylinders.
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3.3.4 Confi nement models
Most models for concrete confi ned with CFRP reinforcement are based on the fact that in 
most cases even one layer of carbon fabric or a carbon jacket will provide enough reinforce-
ment to have highly confi ned concrete. Therefore, the confi nement effectiveness is high 
leading to a failure of the CFRP jacket or encasement at peak axial stress. 

When the CFRP grid is used as confi nement reinforcement, the confi ning pressure and 
confi nement effectiveness is low, and therefore models developed using data from rela-
tively high confi ned concrete may not be adequate. To model the behavior of CFRP grid, 
existing confi ned concrete models were used. Existing models are based on a constant 
thickness of the FRP material that covers the entire surface area of the confi ned concrete 
core. Michael et al. [1] used the modifi ed Hognestad stress–strain curve to model the 
behavior of CFRP grid confi ned concrete as shown in Fig. 7 [1]. In Fig. 7, εc is the concrete 
strain, εo is the strain at peak stress of unconfi ned concrete, and εcu is the ultimate strain. 
The modifi ed Hognestad parabola consists of two regions. In region AB (εc < εo), the 
Hognestad parabola is used and in region BC (εo < εc < εcu), a linearly descending curve. 
The equation for region BC is based on the deterioration constant (Dc) that controls the 
slope of the line. The equations for the two regions were modifi ed to model the behavior of 
CFRP grid concrete. The material properties of the CFRP grid strands were used in the 
process of constructing the stress–strain curve of the CFRP grid confi ned concrete. The 
average strength of the control cylinders tested in defl ection control model was taken as the 
strength of unconfi ned concrete (f ′c). The ultimate concrete strain εcu was assumed to be 
0.00725 mm/mm. The deterioration constant was taken equal to 130 to match post-peak 
experimental data. All three curves are depicted in Fig. 8. The modifi ed Hognestad matches 
well with the experimental curve.

When concrete sections are wrapped with CFRP fabrics, the concrete in the sections is usu-
ally highly confi ned, provided that enough CFRP composite material is used to develop high 

Figure 6: Stress–strain curves for typical control and grid cylinders.
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confi ning pressures. In those cases, the increase in the strength and ductility of the confi ned 
concrete is signifi cantly higher than the increase and ductility of lightly confi ned concrete. In 
order to evaluate the effect of highly confi ned concrete on the interaction diagrams of concrete 
sections, a design-oriented model proposed by Lam and Teng [19] was employed to character-
ise the stress–strain behavior of confi ned concrete. Lam and Teng [19] developed a 
design-oriented concrete confi nement model that predicts the stress–strain behavior of highly 

Figure 7: Modifi ed Hognestad Parabola used for the modeling of confi ned concrete [1].
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confi ned concrete. The model is simple and the basic assumptions are: (a) the stress–strain 
curve consists of an initial parabolic section and a straight line second section, (b) the initial 
slope of the parabola is the same as the elastic modulus of the unconfi ned concrete, (c) the 
parabolic section is only partly affected by the FRP jacket, (d) smooth transition between the 
parabolic and straight line portions, and (e) failure occurs at the maximum axial strain and 
strength of the confi ned concrete.

3.4 Plastic centroid

Reference must be made as to the point about which the moments are calculated. We refer to 
this point as the plastic centroid, and it is the point of action of the axial load when there is a 
uniform maximum compressive strain. This assures that the moment capacity of the section 
is zero at maximum axial load capacity. 

4 DEVELOPMENT OF THE INTERACTION DIAGRAM
The development of interaction diagram is based on the calculation of a series of points rep-
resenting failure in the concrete subjected to maximum compressive strain and a specifi ed 
strain in the extreme steel fi ber. A number of points, axial force vs bending moment (Pn, Mn), 
are calculated in order to defi ne the failure curve of the section. The calculation of individual 
points ensures equilibrium of the section and it includes:

• Defi nition of the neutral axis location

 • Calculation of the plastic centroid

 • Defi nition of the strain plane over the entire section

 • Calculation of strains using compatibility and the corresponding stresses based on the 
stress vs strain relationship

 • Integration of stresses over the section to calculate the axial force and the bending moment

4.1 Neutral axis location

The neutral axis location is calculated using the values of the maximum compressive strain 
in the concrete, εcu, and a variable value for the strain in the extreme reinforcing steel fi ber, 
εst. Each combination of strains (εcu, εst) will defi ne a strain distribution over the section at 
failure, and thus, a point on the interaction diagram (axial load vs bending moment). Calcu-
lation of the neutral axis in a circular section can take advantage of the symmetry of the 
section. One point on the section (P1) is assigned the maximum compressive strength, and it 
is considered the extreme concrete compression fi ber. The extreme steel fi ber is located at the 
steel bar, which is located at the maximum distance from the extreme compression fi ber. 
Having the location of the two extreme fi bers and the values of the corresponding strains, the 
neutral axis can be defi ned as shown in Fig. 9.

4.2 Plastic centroid location

For symmetrical sections, both in concrete geometry and the reinforcement distribution, the 
plastic centroid (pc) coincides with the geometric centroid (gc). When this is not the case then 
the location of the plastic centroid has to be calculated accounting for the concrete geometry 
as well as the area and location of each reinforcing bar.
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4.3 Strain plane and calculation of strains

When the neutral axis is defi ned, the distribution of the strain over the whole section can be 
defi ned with the calculation of a strain plane. The strain plane is defi ned using two points on the 
line of neutral axis (P2, P3) and the point at extreme compression fi ber (P1) as shown in Fig. 9. 

Using the strain plane equation, a strain value for any point on the section can be defi ned. 
Based on the strain and the stress vs strain relationship of the material, the stress at each point 
can be obtained using eqn 1.

 i i idF dAs=  (1)

4.4 Integration of stresses to calculate axial load and bending moment

The axial load (Pn) and bending moment (Mn) can be calculated by the integration of stresses 
over the section. This can be done using eqns 2 and 3:

 i iA A
P dF dAs= =∫∫ ∫∫  (2)

 i iA A
M dF x x dAs= =∫∫ ∫∫  (3)

4.5 Numerical procedure for generation of the interaction diagram

Direct integration for calculation of the axial load as well as the moment is not trivial. For this 
reason, a numerical procedure (and accompanying software) was developed and used in this 
work for generation of interaction diagrams. The range of axial loads spans from the maximum 

Figure 9: Circular cross section.
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compressive axial load to the axial load of pure tension. In order to numerically generate the 
diagram, four points are identifi ed on it (Fig. 1).

• Point #1: Fracture failure point (pure tension)

 • Point #2: Zero axial load point

 • Point #3: Balanced point

• Point #4: Maximum compressive axial load point (pure compression)

These points are calculated independently and they defi ne three sub-regions on the diagram. 
For each point, the important element to be known is the value of the net tensile strain at the 
extreme tension reinforcement fi ber. The strains at Point #1, Point #3, and Point #4 are known 
directly from material properties. The other one has to be calculated. The strain at Point #2 
represents the point with zero axial load. However, the strain in the extreme reinforcement 
bar is not known. As a result, an iteration convergence procedure (secant method) is used to 
calculate the strain in the extreme steel fi ber when the axial load equals to zero. Once the 
strains for the boundary points of the sub-regions are defi ned, the diagram can be generated 
by assigning different values of strains for the extreme steel fi ber in each sub-region, and 
thus, calculating intermediate points within the sub regions on the interaction diagram. 
 Figure 10 shows the fl owchart of the numerical procedure.

Figure 10: Flowchart describing the numerical procedure.
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Figure 11: Interaction diagrams of sections with variable concrete confi nement.
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5 CASE STUDIES
The presented procedure has been used for development of the interaction diagram of differ-
ent sections. Figure 11 shows the interaction diagram of the same section with three different 
levels of confi nement. The inner line shows the unconfi ned section. The other lines show the 
interaction diagrams with increased concrete confi nement: (a) light confi nement, (b) heavy 
confi nement with 1.5-mm-thick CFRP composite wrap, and (c) heavy confi nement with 
2.5-mm-thick CFRP composite wrap.

5.1 Section data

Table 3 shows the data used for generation of interaction diagrams.

Table 3: Data for generation of interaction diagrams.

Section
Radius 

(m)
Steel 
reinf.

Ultimate 
concrete 
strain, εcu 
(mm/mm)

Type of 
CFRP

Thick. of 
CFRP 
(mm)

Strength 
of CFRP 
(MPa)

UC 0.2 8Y16 0.003 N/A N/A N/A
LC 0.2 8Y16 0.007 GRID 1/strand 696
HC1 0.2 8Y16 0.018 WRAP 1.5 1577
HC2 0.2 8Y16 0.018 WRAP 2.5 1577

UC: Unconfi ned, LC: Light confi nement, HC: Heavy confi nement.
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5.2 Discussion

Looking at the plots on Fig. 11, it is obvious that there is a trend defi ned as the value of the 
maximum compressive strength is increased. Specifi cally, we see that the plots look virtually 
the same at the tension-controlled regions and they diverge in the compression-controlled 
regions as the maximum compressive strength increases. The maximum compressive strength 
obviously increases as the level of confi nement increases. It is interesting to point out that the 
value of the maximum compressive strain, ecu, does not have a signifi cant effect on the shape of 
the interaction diagram. It is also interesting to note that the balance point for both light and 
heavy confi nement moved higher up on the interaction diagram. As a result, the steel reinforce-
ment reaches its yield strength for a larger range of values of axial compression and bending 
moment. Therefore, there is an increase of ductility, which is gained due to the  confi nement. 
The decisive factor that affects the section capacity is the maximum  compressive strength of 
concrete.

The maximum axial loads (both compressive and tensile) and the maximum bending 
moments for all sections compared to the unconfi ned section based on the interaction dia-
grams are shown in Table 4. As seen from the numbers, there is a signifi cant increase in all of 
the above parameters. This increase is much more prominent in the case of heavy confi ne-
ment than in the case of light confi nement compared to the unconfi ned section. For example, 
the maximum compressive strength of the lightly confi ned section is 1.24 times higher com-
pared to the maximum compressive strength of the unconfi ned section. Heavy confi nement 
sections have maximum compressive strengths 3.5 to 5 times that of the unconfi ned section. 
Similar trends are observed for the maximum moment. Maximum moment for the lightly 
confi ned section is 1.17 times higher than the maximum moment of the unconfi ned sections, 
while for the heavy confi ned sections it is 2.5 (HC1) and 3.38 (HC2) times higher compared 
to the maximum moment of the unconfi ned section. The maximum tensile load remains 
unchanged due to the fact that we ignore the tensile strength of concrete and any tensile con-
tribution from the CFRP composite material based on the assumption that all fi bers of the 
CFRP composite material are oriented in the hoop direction, and therefore, no fi bers exist in 
the axial direction to provide any additional tensile resistance to the confi ned section.

6 CONCLUSIONS
Based on the results and fi ndings presented in the paper, following conclusions can be drawn:

• Confi nement increases the maximum compressive strength of the section for both light 
confi nement (approximately 25%) and heavy confi nement (up to 500%).

Table 4: Maximum axial load and bending moment ratios.

Section

Max. comp. 
axial load, 
Pn (kN) Pn / PnUC

Max. 
moment Mn, 

(kNm)
Mn / 
MnUC

Max. tensile 
axial load, 
Pnt (kN) Pnt / PntUC

UC 5000 1.0 240 1 500 1
LC 6200 1.24 280 1.17 500 1
HC1 17500 3.5 600 2.5 500 1
HC2 25300 5.06 810 3.38 500 1

UC: Unconfi ned, LC: Light confi nement, HC: Heavy confi nement.
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 • Confi nement affects signifi cantly the capacity of the section when the section is in the 
compression-controlled region (pure compression to balance point).

 • The effect of confi nement is relatively small in the region between pure bending and the 
balance point.

 • The balance point for both light and heavy confi nement moved higher up on the interac-
tion diagram (Fig. 11), which can lead us to the conclusion that for a larger range of values 
of axial compression and bending moment, steel reinforcement reaches its yield strength. 
The compressive capacity of the section at the balanced point is increased up to 600% 
compared to the unconfi ned section. The fl exural capacity of the section at the balanced 
point is also increased up to 335% compared to the unconfi ned section. The shift of the 
balance point location changes the range of the compression and tension zones on the 
interaction diagram.

 • Confi nement has no effect on the region between pure tension and pure bending since 
concrete is primarily in tension (Fig. 11). Therefore, the presence of reinforcement in the 
hoop direction offers no improvement in concrete tensile strength.

 • Based on signifi cant changes in the interaction diagram from the effect of confi nement, 
it is necessary to evaluate the design approach to compression members confi ned with 
CFRP composite materials. Ignoring the effect of confi nement can lead to conservative 
designs (larger sections) and increases in the material and construction costs. In order 
to do that, design interaction diagrams would be helpful. However, the development of 
design equations that take into account the effect of confi nement and can be included in 
design codes would be even more helpful since they could be programmed into available 
software packages.

 • Although this is not evident from the interaction diagrams, the failure mode of compression- 
controlled columns (failure by concrete crushing) is more ductile due to the change in the 
behavior of concrete due to confi nement (Confi ned concrete fails in a ductile manner). 
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